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Differentiation:
i.e. “finding
gradients” dx

dt



At the time of the London 2012 Olympics (where Bolt won Gold in a

time of 9.63s), the 100m world record stood at 9.58s. This was set at
the Berlin World Championships in 2009.

So how fast did he go? What indeed does this statement actually
mean? Did he pull away from the rest of the field, or slow down? To
answer these questions we need to analyse the race using
kinematics™ (literally, the study of motion).

*From the Greek kivnua, kinema (movement, motion)



In kinematics we describe motion by a graph in three ways:

1. Displacement vs time (t,X)
2. Velocity vs time (t,v)
3. Acceleration vs time (t,a)

* Displacement X is the position vector from a specified origin.

* Velocity Vis the rate of change of displacement at any
given instant

* Acceleration ais the rate of change of velocity at any
given instant

For simplicity at this stage we will consider
displacements, velocities and accelerations in a single
direction, i.e. down the 100m track. Note however that
these quantities are actually vectors and therefore have

both magnitude and direction.




Let’s look at the displacement vs time graph first:

Bolt’s 100m races. Time elapsed /s every 10m*

Bolt 10 20 30 40 50 60 70 80 90 100
2008 1.83 2.87 3.78 4.65 5.5 6.32 7.14 7.96 8.79 9.69 Olympic final, Beijing
2009 |1.89 [2.88 [378 |464 |547 |629 |710 |[792 |875 |9.58 |WorldChamps,Berlin
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http://rcuksportscience.wikispaces.com/file/view/Analysing+men+100m+Nspire.pdf
http://rcuksportscience.wikispaces.com/file/view/Analysing+men+100m+Nspire.pdf
http://www.dailymail.co.uk/news/article-2184089/London-Olympics-2012--Usain-Bolt-storms-100m-glory-answers-critics-resounding-victory-9-63-seconds.html

To find the time, velocity graph we could calculate the
gradient of the (t,X) graph, at different times

Usain Bolt 100m stats: (t,x) graph
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THIS IS DONE BY FIRSTLY FITTING CUBIC SPLINES BETWEEN THE DATA POINTS



The graph below has been constructed from the local gradients
calculated every second along a smooth curve drawn between the

elapsed time data recorded at 10m intervals

Usain Bolt 100m stats: (t,v) graph
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http://www.youtube.com/watch?v=F14EaVEDyUs
http://www.youtube.com/watch?v=F14EaVEDyUs
http://www.youtube.com/watch?v=F14EaVEDyUs

We can go one step further and find the graph of acceleration vs time
by working out the local gradients of the (t,v) graph.

Usain Bolt 100m stats: (t,a) graph
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For a complete view we can compare (t,X), (t,v) and (t,a) traces.
Note the time axis must be the same scale for each graph.
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Youtube link 1 mile =1609.3m 1ft =0.3048m
Kinematics of Blue Origin (New Shephard) launch. Data for rocket booster (which separates from capsule).
20/July/2020. Geoff Bezos (Amazon founder) + three other space tourists!
Altitude vs time

Time min |Times tfs Altitude /ft |Velocity /fmph| x [km v /mst-1 |a /msA-2 15000
0 0 0 2 0 0.00 0.00| c
o B s 6 10 0.00) 2.47 0.56 = oo
0 19 19 1110 35 0.34 15.65) 1.02 ]
0 24 24 2536 208 0.77 92.98 15.47 % 0.00
[ 32 32 5647 31 1.72 13.86) -9.89 000 100 200 300 200
0 43 43 11707 458 3.57]  204.74 17.35) time /s
0 53 53 19302 526 5.88]  235.14 3.04
1 5 65 28769 609 877 27224 3.09
1 20 80 |a4494 306 13.56]  360.30 5.87 Velocity vs time
1 34 94 63223 1069 19.27]  477.87 8.40 1500.00
1 49 109 |91965 1500 28.03|  670.54 12.84) 100000
2 6 126 137204 2159 41.82|  965.13] 17.33] n
2 2% 146 |203398 2070 62.00] 92535 -1.99) g 0o
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2 55 175 |278508  [1449 24.89) 647.74]  -9.64 § 50000 | 100 20 i
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3 35 215 339091 591 103.35|  264.19 -9.69 -1500.00 time /=
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4 21 261 346519 368 105.62 164.51 8.49 Acceleration vs time
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4 a4 284 324430 -808 98.89| -361.20| -7.98
5 3 303 |292043 -1261 89.01| -563.70| -10.66 40
5 19 319 258169 -1606 78.69| -717.93] -9.64
5 31 331 227370 -1865 69.30] -833.71 -9.65 0
5 40 380  |201843 -2054 61.52| -918.20) -9.39 "
5 49 343 173458 -2245 52.87| -1003.58| -9.49
5 58 358 142876 -2425 43.55| -1084.04 -8.94 & 10
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6 16 376 |76387 -2537 23.28| -1134.11] 1.07 g 0 I I o o P
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6 32 392 |30292 -1104 9.23] -493.5:2 44.70 -
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6 51 411 10145 -a72 3.09] -211.00 10.68|
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7 8 428|539 -162 0.16| -72.42 20.23
7 11 431|313 -118 010 -52.75 6.56 50
7 14 434 |66 -5 0.02 -2.24 16.84
7 18 438 33 -5 0.01 -2.24 0.00 &0
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Kinematics of Blue Origin’s New Shepherd
20-July-2021
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In summary: Kinematics provides a really good reason to
wish to know velocity or acceleration from displacement
measurements. i.e. the gradient of the ‘underlying curve.
We may not know the functional form of the curve
however — we may have to estimate it from the data.

New Shepherd example: Assume a straight line between
velocity measurements.
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Cumulative UK CV- 19 deaths fthousands 05/03/2020 15/12/2021

Cumulative deaths /thousands

150 One can estimate the
number of CV-19
infectives from the
100 cumulative deaths:
1
S0 ka dt ka t t
n+1 n-1
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https://github.com/owid/covid-19-data/tree/master/public/data

Gradient of f(x) = (4-x)*x° is 4 at (2,8)
10

; This MATLAB program evaluates
tangent

a function f(x) over a defined range
of X, and then determines a cubic-
spline over the same range.

normal |

This means the function can be
differentiated numerically.

In the example, a tangent and
normal is evaluated at point (2,8)
using this system.

Cubic spline interpolation demo
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Integration:
i.e. “finding
areas’

j: f (t)dt




6 strip Mid-point integration of x,y data. | = 11.848
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6 strip Trapezium rule integration of x,y data. | = 11.848
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Integral of f(x) = sin( 2*2*pi*x/10 ) - 3*exp(-x) + 3 between 3 and 7 = 11.8534
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Velocity vs time

The constant acceleration motion
free-fall phases are much more
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Force /N

Force vs time

-
POt 5

Vertical Force (N) |[Time (s)
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2.05E-04 0.15
-0.16 0.2
-0.03 0.25
-0.22 0.3
4.98E-04 0.35
-0.11 0.4
0.14 0.45
-0.05 0.5
-0.08 0.55
-0.08 0.6
-0.05 0.65
-0.25 0.7
-0.14 0.75
-0.08 0.8
-0.08 0.85
0 0.9
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0.16 1
0.22 1.05
-0.16 1.1
0.03 1.15
-0.11 1.2
-0.08 1.25
0.19 1.3
-0.08 1.35
-0.08 1.4

Mass measured using mass balance /kg

0.625

Weight /N
6.13

Perhaps a slight under-reading for Force?




Force vs time
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Integration of the area under the force vs time graph
during impact should yield the change in momentum
of the ball:

2.365
Ap = j2_34 th ~ Z%(tnﬂ _ tn )(Fn+1 + Fn)
J T \

impulse force trapezium area

By adding the area of trapeziums the impulse
is about 3.78Ns

Time /s |Force /N |Impulse /Ns
2.34 -4.73
2.341 -4.35 -0.00454
2.342 6.33 0.00099
2.343 35.7 0.021015
2.344 72.18 0.05394
2.345 136.89 |0.104535
2.346 217.38 |0.177135
2.347 286.87 |0.252125
2.348 380.53 0.3337
2.349 576.45 |0.47849
2.35 627.62 |0.602035
2.351 446.66 |0.53714
2.352 260.15 |0.353405
2.353 179.69 |0.21992
2.354 144.34 |0.162015
2.355 112.11 |0.128225
2.356 94.1 0.103105
2.357 70.93 0.082515
2.358 57.7 0.064315
2.359 55.12 0.05641
2.36 43.09 0.049105
2.361 21.7 0.032395
2.362 6.9 0.0143
2.363 -7.08 -9E-05
2.364 -18.42 -0.01275
2.365 -30.85 -0.024635
3.78

Sum total impulse



Velocity vs time
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For the first bounce, the velocity change was about 6.1ms™1.

So if the mass was 0.625kg, this means an impulse of 0.625 x 6.1 = 3.8Ns,

which is in agreement to the area under the force vs time graph
for the duration of the bounce.
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Irradiance ( Wm™/nm)

Investigating the Planck spectrum of radiation from the Sun, and Stefan’s law

ESTIMATING SOLAR TEMPERATURE FROM THE AREA UNDER THE RADIATION SPECTRUM
A. French. Dec 2021

7~ N\

This is scaled by a
strange factor

https://mww.nrel.gov/grid/solar-resource/spectra.html|

| =oT"

This is the average solar radiation
power incident upeon Earth (W/m"2)

i.e. a pretty close agreement

Planck model

Trapezium
area @
Wavelength, |E-490 element Wayelength hc/(lambda® |B*(Rsun/AU)*2 /
microns W/m2/micron\ |(W/m#2) m 2*h*cA2/(lamda*5) |(K*T) Wm#~-2 /micron
0.1195 0.06 ‘AJBSE-OT 4.89066E+18| 20.847939 0.093543664
01208 0 5A 0 O0N3117] 1 206F-07 4 A9107F+18| 20.674927 0.106673563 Area under splectrum (W/m*2)
T=5778K, ?-.max=501 .5nm, cs'|'4=€:‘>.32e+Gv[)7Wm'2 3| 20.504763 0.121342219 1366.09 /]
25 . ‘ 3| 20.337377 0.137691654 N~
’ 3| 20172702 0.155872955 Stefan's constant (Wm*-2 K*-4)
H 3| 20.010672 0.176046509 5.67E-08
MATLAB VEersion 3| 19.851225 0.198382223
}| 19.694298 0.2230597186 Solar radius /m
3| 19.539833 0.250268494 696,340,000
] 10 207779 [alsl-Talelal-EK]
4 Earth to Sun distance /m
(/l T }ii O'T 1.49598E+11
574 Estimated solar surface temperature /K
273 kB 5,775 with the official figure!
21.3 -
1 SC h Official figure for Solar surface temperature /K
N 5,778
B(AT 2hc 1
( > ) 5 he Solar spectral intensity at Earth
% 500 1000 el 1 (W/mA2 /micron)
Wavelength (nm) 4 Rg TA _ 2500.00
0.1435 0.05 4.895E-05| 1.435E-07 ® TR,O 5
0.1445 0.05 0.000051| 1.445E-07 - 2 E
0.1455 0.06 5.315E-05 1.455€-07 47 AU S 200000 | don't understand why the Excel
0.1465 0.07 6.315E-05| 1.465E-07 N fE Planck curve is so low.
0.1475 0.08 7.79E-05| 1.475E-07 AUE 4 E_ 1500.00 Perhaps the exp(x) function
0.1485 0.08 8.345E-05| 1.485E-07 T _ (D '.E ’ is not as well coded as in MATLAB?
0.1495 0.08 8.0BE-05| 1.495E-07 o 2 8 " Data
0.1505 0.09 8.33E-05| 1.505E-07 G)O' g_ 1000.00 -
0.1515 0.09 8.985E-05| 1.515E-07 i
0.1525 0.12 0.0001045| 1.525E-07 1.44497E+18| 16.336581 2.516299148 2
0.1535 0.13 0.0001231| 1.535E-07 1.39851E+18| 16.230154 2.708883683 b= 500.00 |
0.1545 0.21 0.0001679| 1.545E-07 1.35383E+18| 16.125105 2.912810814 €
0.1555 0.21 0.0002102| 1.555E-07 1.31086E+18| 16.021406 3.128516052 ﬁ
0.1565 0.18 0.0001996| 1.565E-07 1.26951E+18| 15.919033 3.356439066 B 0.00 ~
0.1575 0.17 0.0001782| 1.575E-07 1.22971E+18| 15.81796 3.597023176 3 0 1 2 3
0.1585 0.17 0.0001696| 1.585E-07 1.19141E+18| 15.718162 3.850714827 Wavelength /microns
0.1595 0.18 0.0001715| 1.595E-07 1.15453E+18| 15.619616| 4.117963074
0.1605 0.19 0.0001844| 1.605E-07 1.119E+18| 15522297 4.399219037
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