Integration by substitution

In order to evaluate many integrals, we may need to change the variable using a suitable substitution. A substitution may be sufficient to transform the integral
into one you already know how to do. Note this aspect of Mathematics is not entirely prescriptive! A substitution may not always make the integral easier to evaluate.
Sometimes more than one substitution may be required.

Remember to change the limits of a definite integral if you are using a substitution.

Example 1
1

I :j 5 dx

1+x
X=tanu ..u=tan"x
dx
— =sec’u .. dx=sec’udu
du

1+ x*=1+tan*u =sec’u
1 sec’u
| = dx = du
-[1+x2 -[seczu
I :jdu:u+c

| =tan*x+c¢C

Example 2

| = Isinex cos xdx

u=sinx
du du
— =C0SX .. dX=——
dx COoS X
6 du
| =|u’cosx——
COS X

I :J'uedu:%u7+c

— lain?
I =3sin’ x+c «

Example 3 Example 4
1 3 1
| = | +2xdx = ——=——dx
=0 \J1-9x
u=1+2x ) L
] 3x =sinu u=sin"(3x)
u
—=2 ..dx=%idu dx
dx ? 3d—=cosu . dx=1cosudu
u
3 1
IZ%J. lUSdU \ sint1 1 1 d
. | =| ° —=—===1cosudu
g1 - 3
| :L[QU%T Change the/ Hmn0 \1-sin®u
2|4 1 limits to be | 1j%ﬂ d
4 those of the =3| ———cCcosudu
_3
|—§(33—1) new variable ¢ cosu
®
=3 du
| =3[u];
=37

Define substitution

Differentiate substitution and find out what dx turns into

Replace terms in integral and hope any functions in X cancel
(leaving only functions in U that can then be integrated).

Replace U by its function of x to yield the final answer.

Integral Try substitution
includes

n
(ax+b) U=ax+bhb
Vax+b u" =ax+b
a—bhx? asin?u = bx?
a -+ bx? atan’u =bx?
bx? —a asec’u =bx?
e* u=e’
In(ax+b) e' =ax+b
Example 5

1
Iz.[ dx

1-+/x
u :1—\5 .'.ﬁzl—u

du__ 1 x = —2Jxdu = 2(u-1)du

&——m
= %2(u ~1)du
Izzjdu—zj%du

I :2(u—ln|u|)+c

I:Z(l—ﬁ—ln‘l—ﬁ‘)+c
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CSM'’s Challenge!

1
| = | ————dx
1+cosacosx

)

Ccos| ——

_ 2 This substitution is perhaps what you would
(a + Xj call an inspired guess!*

cos

a+x),. (a—x a-X),. [(a+x
cos isin| —= |+cos| —= |Lsin| —=
du 2 2 2 2

dx COSZ(EH_XJ
2

sin(A+ B) =sin Acos B + cos Asin B
a—x

A=2=X p_3*X A B-2
2 2
. a—X a—+ X a—Xx ) . a+ X .
.. SIn CcoSs + COS| —— [SIN| —— |=SIna
[ e % e %5 Jon[%5
du Zsina

2 1 z(aerJd
| =— I cos u
sina’ 1+ cosacos X 2

cos?| 22X
- 2 ) 1l+cos(a—x)

us = =
Cosg(a+X) 1+cos(a+x)
2

, 1+cos(a+x)+1+cos(a-x)

=1
i 1+cos(a+x)

sing

» _2+C0sacosx—sinasin X +cosacos X +sinasin x

=1
o 1+cos(a+x)

2 2+2c0sacosx

-1 =
e cos(a+ x)

a+x

1+cos(a+x)=2cos’ (2) <——— cos’$0=1%(1+cos0)

» _1l+cosacosx

st 3T
2

) 2 ) 1

""1+cosacosx 1+ u?

sl+u

= _2 j ! cosz(aﬂjdu
sina“ 1+cosacos X 2

P B
sina’ 1+u

2 _
l=—"tanu+c
sina

cos(
41 2 tan™*

= N a
sina cos(

QD
>

)
)

+C

+ N

N ‘

* or a visit to http://www.wolframalpha.com/calculators/integral-calculator/

Mathematics topic handout - Integration by substitution Dr Andrew French. www.eclecticon.info PAGE 2


http://www.eclecticon.info/
http://www.wolframalpha.com/calculators/integral-calculator/
http://www.wolframalpha.com/calculators/integral-calculator/
http://www.wolframalpha.com/calculators/integral-calculator/

