Calculus of Variations

A large number of problems in applied mathematics

concern finding the shape of a curve x(t). such that

an integral S of X(t). (and possibly its derivative dx/dt and t also)
is ‘optimized’ with respect to small variations in x(t).

To generalize, let the integrand L of be a function of a family
of variables and associated derivatives:

S= jt*’ Xy Xy Ky on Xy )
. dx

X =

T dt

Consider a small perturbation & such that:
and 7,(t,) =7(t,)=0

X, =X (t) +en(t)

Define: S, = [ " L(Xy, Xg0r Xy, Xy Xgpoo X )l

a

=0

&
de |,

ng . ty dL
Now: i —L —dt

Since when €= 0, X; = X; criteria above is consistent with
finding the stationary values of S. This means
a minimum or maximum value, i.e. S is extremized.

By the chain rule:

dL oL dt & oL dX, oL dX,

— ==+ + =

de otde 47\ 0X, de 0X, d¢

X, =X +é&n, Hence: E:()’%: .,%: ,
de de " de "

ds t d ben( OL oL S|t oL t, OL
Therefore: £=| —dt= —n+——n (dt= —ndt+| ——ndt
erefore de J.ta de J.ta il(axi T X, U.Jd ;{J.ta oX. T 8X 7 }
t
. ) . t oL oL t d( oL d( oL
Using by-parts integration: —ndt= —| — |pdt = dt
wox, ! {"ax} I, dt[a J"‘ 2 dt(ax J"

Note: 7 (t,) =7 (t,) =0

ds N | oL d (3L ~ds, oL df oL
. g:Z J _——— 77idt Now: =0=————| — |=
de |7 |0X, dt 8X de |, ox; dt\ ox

This yields the Euler-Lagrange equation, the solution of which will yield x;(t). Note
there is a distinct equation for each variable x;(t). This feature enables a complicated
multi-variable calculation to be separated into component parts, which will prove
invaluable when we apply these ideas to mechanical systems.

dfaL)_a
dt\ ox, ) O

Example #1: The parametric curve X(t), y(t) which describes the shortest distance
S between two points on a flat plane.

Euler-Lagrange equation

Leonhard Euler
1707-1783

X(t=0)=x,, x(t=17)=x,

y - yt=0) =y, yt=2)=y,
Xy
o Yo I > > Xo dy 2 i.e. transform to
S= jtZOVdX +dy” = J.x + ™ dX  a single set of
(Xa' ya) : X variables y, dy/dx, x
X S L=l+y? Joseph-Louis Lagrange
., _dy 17361813
Hence assign: Y =
dx
d(foL) oL X—X
—| === where K is a constant. This means: |Y = Ya T 75‘(3/ - ya)
dx(ay] oy : Xy =Xy "
A (1ne iy ooyt y ==Y _ constant t
T I e R PO
! i.e. a straight line ———> t
y(1+9%) " =k YO =Ya+—(¥o=Ya)

*i.e. either a maximum or minimum value
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. dy dy do dy dx —1k’sing sin@
Example #2: The Brachitochrone problem d—"=@+a"y @y Chain Rule y=d*y=£ ?=é+@= 1k221 0 =_1 0
If a bead is allowed to slide frictionlessly along a dx ox oy oy X X 2 ( —Cos ) —Cos
wire, what shape should t_he wire pe such that _ d (oL oL s sin? o 1-2c0s6 +cos? O +sin2 o
the bead takes the least time to slide between two points? —| — |=— Euler Lagrange equation Sl+yt =1+ 7 = 7
dx | oy (1-cosd) (1-cos®)
The time taken for the bead %:%4_(% Zly_ y+gly‘y 1+ ~2:2(1_COS‘92): 2
y (X y ) $ g to slide between two points is: X ox dx{ oy y (1-cos@)” 1-cos@
a'Ja
d. oL d oL 2
% Jdx? + dy? —Em—t—| Y — =y, —1k*(1-cos@)=1-cos@=—(y, -
m (% Yo) T=J‘XbTy dx ox dx[yayj Y=Y, =3 ) kZ(ya y)
mg a . 2 K?
X " 1 1 dy 2 .'.S{L—yal'}:gl‘ Sl yi= 5 :y ; .
T= X—, |1+ — X y X —(y. - B
XV dx % K2 (ya y) 2
Energy is conserved in the system since the bead is i oL ] Putting this together:
assumed to slide without friction: o 0 this means
-y)(1+y*)=k* F lication of Beltrami Identit
Hence, if the bead starts from rest: L— y% = constant (ya y)( ) y ) rom appiication of Befirami TCenty
. k
%mvz +mgy = mgy, 1+ y2 = Using cycloid result * above
V= fzg ( Y, — y) We can apply the Beltrami Identity Yo=Y
to the Brachitochrone problem . .2 k? 2
A= Y)([3+ V) =(Ya - ) =k
2\2 2\"3 Ya—Y
(1+y7%) (1+y?) | .
—-yx %2 y——nt—=k Note the Brachitochrone curve is independent of not only
Y.— ¥ Yo Y the beam mass, but also the strength of gravity g. The constant
s . k and the final value of # depend on the start and end x,y coordinates.
72)2 _ y2 72) 2 = _ Note = 0 yields the initial coordinates.
Applying the Euler-Lagrange equation: (1+ ) y (1+ y ) =k Yo=Y y
1 42 2 a
dy (L+¥?)  d (o) oL Y oV oy =y Yo=Y, 1k (1-c0s,) .3k2= Yo Yo
e ey sl )y ey
X - X
» ( )(1 -2) K2 X, =X, +3k*(6, —sing,) k2= "%
. —_ —+ = a 2 c 2 o
Now it is worth noting that L does not explicitly include Ya=¥ y &, —sing,
the integration variable x. This means we can use the Ya— Y, Xy — X V.Y , _
. . . . . a b _ b a _ Ja b h b Ived
Beltrami Identity: It turns out the solutions to this differential 1 08 ina a= This can be solved using
equation are cylcloids —C0S6, 0,—-SInG, Xy — X5 an iterative scheme e.g.
X (9 _sing )0! —1—cosé Newton-Raphson
oL oL =y —1k? (1— cos 9) Parametric A P ° (see next page)
If Z—— =0 thismeans L — y— = constant Y=Ya~3 . 1-cosé .
5 oy equations of . f(@)— Cos G, +sind. -6 =0
X X=X, +1k*(0-sing)| acycloid ) = b~ % =
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y=Y,—+k*(1-cos0) c=1Kk? Ya— Yo

X=Xa+%k2(9—sin6) 1-cosé
o= Ya— Y

f(0)=1(1-cosf)+sind-60=0 X, — X,

_ f(6,)

)

1(1-cos8,)+sing, -6,
ising, +cosg, -1

X, =1 %=5Y,=3 y,=1

6, =4, 6,=3.5084, c=1.0344

Newton-Raphson method

0.,=0 -

n+1

1 7 £(0)=2(1-cos)+sin6-6 -
0 o T — o — — —— — —— \.'F\ ——————————
[
Ak RN
RN
a? '2 N I l\\
= | \
3k | ‘.‘
| \
4+ I N
| “\
5 6,=35084 |
| \\"\\
-6 ; i i \_T-
0 1 2 3 4 5 6

Brachistochrone problem
0, = 3.5084, c = 1.0344

35- 13 y =3-1.0344(1-cos6) -
3 \ x =1+1.0344(6 -sind) |
25 0< 6 <3.5084
> 2 \~\
15" \
1 T (51)
0.5~
% 1 2 3 4 5 6

Example #3: The Catenary:

Incorporating constraints using Lagrange Multipliers

If a uniform, inextensible chain of length | is connected between two
points (-a,H) and (a,h) separated by distance d < |, what curve does
the chain take if gravitational potential energy is to be minimized?
The total GPE V of the chain, which is of uniform mass per unit
length p is:

V= pgj.:?a yyJdx? +dy? =jipgydx ’1+ (gi)z y

The curve of the chain is also constrained by
its actual length

I :J‘l,/dxz +dy? :J':dx 1+(gij2

We can use the Euler-Lagrange equation to solve this by
incorporating the integrand of the constraint into the L function
using an addition via a Lagrange Multiplier A

o d 2y (1 o)}

Y=o L=p@y(L+y) +a(1+y?) = (L+¥°) (pay +2)
@zo L=y oL =k Beltrami Identity

X oy

.'.(1+y )Z(p y+i)—y><%2y(1+ yz)_f(pgy+ﬂ):k
-2
._.1+y { __ K :k%(,ogy+ﬂp)2=1+y2
(1+y )2 pay +4
. dy 2
v L(pgy+4) -1
POy +4 cosh z —y—Lsi Zd Choose this substitution*
k £9 d

g % =+Jcosh?z—1=sinhz

_ksinhzdz k dz

—=sinhz=>
pg  dx

EZ x+c:cosh1(pg)|/(+ﬂ'j pkg (Xx+c¢) Integration constant ¢

P9

So the catenary is a cosh

Jyo K P9 A
' y_ngOSh{ k (X+C)} o9 curve. Now to find the

three constants!

To match the start and end points:

H =~ cosh {’Dg(—a+ c)} s
P9 k ol

h :kcosh{pg (a+c)} A
o) k »9

Using the chain length constraint we can generate
a third equation :

| = J:a/dxz +dy? :J: dx I1+(3§J2

dy:sinh{pg (x+c)}
dx k

2
.'.1+[dyj =1+sinh? {pg(x+c)}
dx k

.'.1+(3ijz = cosh? {pkg (x+c)}

w1=[" cosh {"T(g(x + c)}dx

= ;gsinh{pkg (a+c)}—;gsinh{’0kg(—a+c)}

Note hyperbolic identities:
cosh2A—cosh2B = 2sinh(A+B)sinh(A-B)
sinh2A—sinh 2B = 2cosh( A+ B)sinh(A—B)
-2 smh['og jsmh gaJ
k k

c).

Hence: H-h= (
| =2 cosh[’ogl sinh (pga
k k

*This part of the derivation follows Mathematical Methods for Physics & Engineering (3rd Edition) pp786
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H —h:—f,gsinh(pg jsmh(pga)
k k

PYC _ _appr[ H=R —h
k |

- H—h=—2tsinh —tanhl(H_hj sinh (pgaj
9 | K ol

tanh™*z=1n y‘“—z
1+2 1+2
smh tanh™ z e ‘j: ‘j: /H—Z— ’1 z
1-z 1+z

20

k = 8.1402

1
|
\\
\
\ f (k)=

smh(pgaj
pols| k

1+z-(1-z z ; I
smh tanh™ z :% u-2)
J(l 2)(1+72) \/1— 2?
— % 5 10 15 20
H-h=2 I smh[pg j k
2 k
Jl_[H - hj
I Catenary k = 8.1402, ¢ =-0.35154, ). = 20.4226
5p 1 . :
H-h)Y 2 . a Solve this via a \ -
11— [j = Slnh(pg ) numeric root \ | =10.0m
I rY finding scheme 4 \\ a=2.00m
\ H =5.00m
3 \ h =1.00m
So if k is known we can use the above results to define \ —1.00kam™
work out the other parameters and hence define the catenary 2l \ p=2000m |
> \ g =9.81Nkg™
k H-h
c= —tanhl() 1 \ ;
el I \ /
/Izkcosh{’ig (a+c)}—hpg 0 \ /’f
\\ //
1 | N |
-4 -2 0 2 4
X

k 09 A
y:cosh{ X+C }—
Jolt} k (x+c) ol

Example #4: Minimal surface between two circular hoops
What is the shape of a soap bubble film between two circular
hoops? Since creating a surface requires energy, it is going
to be the surface with minimum surface area. Let us ignore
the effect of gravity on the energy of this surface (i.e. we
expect surface tension to be the dominant effect).

For simplicity let us assume
the hoops are on axis
as shown

Surface area S is a volume of revolution:

S= J.S?a Zﬂy«/dxz +dy? =J-: 2z ydx, |1+ (gijz

Applying the Euler-Lagrange equation and Beltrami
identity as in previous examples:

Le2zyiey?, y=B Loy
dx oy
2my 1+ 2 —yxd 27y (2y)=k
«/1+y2
1+y° —y?
L2ry———=—=Kk
,}1+y2
k
...% 2:1-{-'2, = —
Y J “ 27
dy 1 2
S—== [7 -1
dx Y
coshz=1y .'.ozsinhzgzdy
dx dx
.'.asinhzj—zzmzsinhz Lz=Lx+c
X

s y=acosh(+x+c)
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the hoops are on axis
as shown

y =acosh(Lx+c)
R=acosh(-La+c)
r=acosh(ta+c)
%:cosh(—§a+c)—cosh(§a+c)
R-r
o

s.c=—sinh™ L
2asinh(ta)

"I =acosh ;a—sinh{

=-2sinhcsinh(1a)

R-r
2asinh(La)

Height of soap bubble minimal surface
o =0.57207, c=-0.59248

For simplicity let us assume

R-r

f(a)=acosh| ta—sinh™?| —————
(@) =a “ 2asinh(La)

o =0.57207 or 0.96246

3 \
25l \ Note depending on the R,r,a
' \\ values, there may be no
\  solutions
2 \
\
\
T1s -“,\‘. f(a)=r
; N e
R=3
05 r=1 1
a=
00 0.5 1 1.5

o

There are clearly two possible values of « in this example.

However, since the surface area scales with y andy is
proportional to &, we should choose the smallest « to
yield the minimal surface defined by y(X)

3¢
\ "
\
250\ =
\\ a=
2\ |y=acosh(:x+c)
\\
>15 AN
\‘\
™
.
1} e
~__ |
0.5 R ]
% 05 0 0.5

MATLAB rendering
1 of soap bubble surface using
the parameters above

Emmy Noether
1882-1935

Application of Calculus of Variations in Mechanics and Optics
The Euler-Lagrange equation can be used most profitably

in providing an efficient solution mechanism for mechanical
systems, especially those with multiple variables.

In Classical Mechanics, the Lagrangian L is defined as:

L=T-V

N

Potential
energy

Kinetic
energy

See Lagrangian Mechanics Eclecticon note for a discussion of this,
and the related ideas of Hamiltonian Dynamics.

Fermat’s principle of Optics can also be applied using the E-L
equation. Fermat's principle states that the path of light is such which
minimizes the amount of time taken to travel through a medium. i.e.
similar to the Brachisochrone problem. This can be used to show that
(i) light travels in straight lines in a medium of constant refractive
index; (ii) Snell’s Law of Refraction at a boundary of two optical
media; (i) why sound waves refract in curved arcs if sound speed
changes linearly. The Feynman path integral formulation of
Quantum Mechanics puts Fermat'’s Principle on a stronger footing.
The probability of a particular path is proportional to the complex
exponential of the phase of the path. The path of least time

will tend to be the path of highest probability.

Noether’s Theorem . Classical Mechanics s fundamentally
based upon conservation laws. Noether’s Theorem states
that for every symmetry in one of the parameters of L, there
is a corresponding conservation law.

X = X, + K, (%)
‘LL_Z oL ox,
de 57\ ox O¢

dfa) o
dt{ ox, ) ox

Define a translational symmetry

+ % %, = Z a K + % K, | Chainrule
oX, O¢ 0% OX.

Euler-Lagrange equation

. dac = Z afa K, + oL K, Using product rule of
de 57\ dt ox X differentiation
diL = g 67L Ki So if Lagrangian doesn’t
de dt 5 ox change to first order in &,
dL oL there is a conserved
_ oL _ quantity associated
de 0= Z{@X Kij =constant | i the symmetry.
i i
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Example #5: Calculating the path of rays in a medium with a linearly changing wave speed
Fermat’s Principle of Optics states that the path of a ray is associated with the path of least time.

X

ol

%2y(1+ yz)'% =k

Assume a ray emerges at angle @ from the X axis
at the origin. The time to get to position (X,y) is:

- i +dy?

v(y)

Assume the wave speed varies linearly with y

=O=tant9 x=0,y=0, x+c=-4.[L—(a+py)
L1 C=—jE—a’

“(a+py) .C :—%\/az(tan 0° +1)—

_ k%?_l SC=—Zatand

y(x) =%\la2(tan2 0+1)-B* (x—+atan 9)2 e

y(x) = %\jaz (tan® 0 +1) - B°x* + 2Bxatan 6 — o’ tan’ —%

y(x) =1 \Ja? — f2x* + 2 fxatan @ —%

Fermat ray path: 6 = 45°, v =« + py
o = 0.33km/s, B =-0.1(km/s)/km
3 j ! } ‘
If wave speed /
decreases with depth y, rays are

k 2 | bent towards the downward
(a+By) 2 ) ] e
vertical (y points downwards!)
3 /
Hence: 18 /
- Fermat ray path: 0 = 45°, v = a + Py 1 /
X+C=-4\ L~ (a+py) = 0.33kmis, B = 0.1(km/s)/km :
, 25 0.5 Vi
B (x+c) (a+BYy) y
2 0 1 0 1 2 3
2 2 S
a+ By =y%- B2 (x+c) €15 g——— x fkm
g e N S Ifwave speed increases with depth y, rays are
05 ™ bent upwards towards the surface. This helps to
2 / N explain ‘anomalously far’ propagation of
X) =4 \&— B (x+c) —— 0 : !
y(x) = K B ( ) 0 1 2 3 4 5 6 radio waves in the atmosphere, or sound waves

x /km

in the Earth or ocean.
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