Transforming 2D shapes via matrix multiplication
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In this case a reflection in the x axis
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Inverse transformations
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Link between the transformation matrix and basis vectors

M- a b _ 1 d -b a b1 a The columns of the
- - = transformation matrix are
c d ad —bc ¢ a c d)\O c where the basis vectors (1,0)
and (0,1)
a bYO0) (b I
a b -1 a b 1 0 c dl\1 = d go under the transformation
= = I |dentity
d) \¢c d 0 1 1 0
T Reflection in
. the x axis 0 —1

det(M)=|M| = ad —bc

Asymmetric stretch

Determinant

Rotation about (0,0) by multiples of 90°

STTEtCh t;\"b _ b a 0 ]~ Rotation clockwise 0 1
ginxandpiny of 90° about (0,0
1I directions, from (0,0) 0 b > £ ) -1 0
=
. a l
Note a negative stretch is a stretch in the opposite direction Rotation anticlockwise 0 -1
T of 90° about (0,0) |
Stretch by scale factors -1 0 . 0
) ) -—
-linxand 2iny T
1T directions, from (0,0) 0 2
> Shear by angle &
1 1
Enlargement
Enlargement K kK 0
Scale Factor k 1 t
and
IT from (0,0) 0 % S= The shear factor is
> 0 1 often specified

k=tan@
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Proof of the inverse of a 2 x 2 matrix

The defining property of an inverse matrix is that multiplication of a matrix by its inverse yields the identity. We can use this fact to determine the four elements of the inverse
matrix in terms of the elements a,b,c,d of the original matrix.

a b
= (———~—~—~FF-F -"""""”""”">"”">"»¥‘>""”"?‘"”"7"”/”V"V"/"”/"”"””— 1
(C d] | ||V|| =ad —bcC is called the determinant of the matrix M |
| If it is zero then there is no inverse to a 2 x 2 matrix. |
M = a p i.e. we don’t yet know the relationship L ] |
o y S between a,b,c,d so lets use some different letters!
MM™ =1 This is a nifty piece of
‘fraction action!’ Replace
the 1 by (ad-bc)/ad-bc). It
[a bj[a ﬁj (1 Oj is still one, but now will
c d S - 0 1 a(?2)—c(): adv—bcy=—c enable factorization.
4 (2)—c® = 4 4 a(4)-c(3): ado—-bco=a
Sy =— a
ac+by=1 () ad —bc §:—ad—bc
ca+dy=0 (2)
8f+b5=0 @3 1-b 1_b( d_Cb j ag_gc_b( d_cb j b[ 2
- ad—bc) ad-bc ad —hc —b| ———
c+do=1 (4) In(@): a=—"2= - b5 _
@ a a a In(3): p= = ad —bc
1 ad-bc+bc a a
To find the Greek letters in terms of a= ad —bc a Na= —b
a,b,c,d we need to solve (1)....(4) q ad —bc
simultaneously. Although there are o lg=—m—
no specific numbers (i.e. it is all ad —bc

algebra) we can use the same

methods as we use to find the
a d -b

intersection of straight lines of the M= B = #

formy = mx + c, since every equation y o) ad-bcl—-c a

is linear in the unknown (Greek)

letter.
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Multiple transformations (1) Multiple transformations (2) Multiple transformations (3)
i i 0 1
T :?;?;anglstcrgae R= Rotation clockwise Reflection in S
s  — 10 T of 90° about (0,0) T the line y = x
—_— ///
v l e
Rotation clockwise
Reflection in e F-= 01 Reflection in of 90° about (0,0)
T the liney =x /,' - 1 0 the liney =x

(15 8 2 ,
0146 , FRV =RFV?

Multiple transformations (4)

Bl
-1 0 1 0
FR = F = :
0 1 0 -1
So the order of the transformations, in general, matters.
Matrix multiplication is NON COMMUTATIVE

a bye [\ [ae+bg af+bh ’
{c dj[g h)_[ce+dg cf+dh} :
e f\a b ea+ fc eb+ fd
[g hj(c dJ_(ga+hc gb+hdJ

10
RF =
o )

— |
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