Rational functions, partial fractions and point discontinuities Ax+B __a p
(ax=b)(cx—d) ax-b cx-d

Partial fractions decomposition

A rational function is a fraction of polynomials P(x), Q(x)

f(X)=% eq 2x+1  _ a P _a(4x+1)+ p(3x-1)
y X —dx+3 (x-D)(x-3) T (3x-1)(4x+1) 3x-1 4x+1 (3x-1)(4x+1)
For example: f(x) = X2 —6X+8 (X—2)(x—4) s2x+1=a(@x+1)+ B(3x-1)=x(4a +3B)+a - B

If both numerator and denominator can be factorized, this is very Comparing coefficients of powers of x

useful as one can immediately determine any zeros or any points X': 2=4a+3p @
of discontinuity. X°: l=a-f )
5=4a+3a+34-38 @O)+3(2)
Li=a
“D(x —
:W |n(2) ﬁ:a_lz_%
(x—2)(x—4) : ,
2x+1 > Z

U (3x—1)(4x+1) 8x-1 4x+1
Add these curves together ...

Even more information about
curve shape can be found if we can find
stationary points

3 4 5 6
P y= 2x+1 _ 22X+1 51 5 2% +1
(3X—1)(4X+1) 12x° —x -1 Qu}ient rule y—(3X—1)(4X+1)
. dy (12x* —x—-1)(2) —(2x+1)(24x-1) iR} s 2
dx (3x—1)" (4x+1)? i Y731 axi1
In this case, zeros are at x =1,3 and vertical asymptotes dy 2 2 _ . . ‘ .
atx =2,4. They axis intercept is at y = 3/8. &_0 = 24X" - 2x—2-48x" - 22x +1=0 N Tos 1o a5 1 1s 2
2 _
The zeros and vertical asymptotes can help enable one 24x" +24x+1=0 (-0.9564,-0.0835) | ; ~ (—0.0436,-0.9777)
to sketch the curve. However, it is often difficult to know 24+ y242 —4(24)() Stationary point Stationary point
which side of the axes the curve is between these points. X= 48 =-3 iﬁ@
By splitting up the rational function into partial fractions x = —0.9564, _0-0436|

we can overcome this issue.
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The partial fractions decomposition is particularly Example: X' —2x+1 __* B + 7
useful in evaluating integrals of rational functions A (X+1)2(x_3) (x+1)2 Xx+1 x-3
4
I 2x+1 dx:J‘( s % jdx 1 X2 —2x+1=a(x—3)+ B(x+1)(x=3) + y(x+1)’
(3x—1)(4x+1) 3x-1 4x+1 X=3 —~9-6+1=16y=y=1
3 f'(x) t - - -
=51 dx—-21 dx dx=In|f(x)|+c x=-1 =id=-Ada=a=-1
73j3x—1 74I4x+1 If(x) 169 | , 3x-1+1-1
=& In3x =1 - L In|4x +1+c o a 5 o X=0 :>1=—30!—3/3+7:>ﬂ=#4=%
’ xX*=2x+1 1 4

The partial fractions decomposition can be extended to when

P(X) : :
f(x)= o) where P(x) is one polynomial order less than Q(x)
AX? +Bx+C a B 7

= + +
(ax—b)(cx—d)(ex—f) ax—-b cx—-d ex—f

AX® +Bx* +Cx+D _a B A )
(ax-b)(cx-d)(ex- f)(gx-h) ax-b cx-d ex-f gx-h

Care must be taken to include enough terms when there are
powers in the denominator factors

AC+Bx+Cc « LBy
(ax—b)*(cx—d) (ax—b)2 ax—b cx—d

Ax* +BX’ +Cx* +dx+ E a B y ) &
= + + + +

(ax-bP(x—d)’  (ax—b) (ax-b) ax-b (cx—d) ox—d

(x+1)2(x—3) (x+1

3
S+ ——+
) x+1 x-3

Curious point discontinuities can occur when both
the numerator and denominator of
the rational function have the same factors

f(X):ll__); _ (1—x)§1_+xx+x )

2
f(X):{l+x+x Xx=1

undefined x=1

Point
discontinuity
at (1,3)

Note using a geometric progression
1-x"
1-x

1-x" = (LX) (T4 X+ X .+ XN

1-x*=1-x)1+X)

1+ X+ X2+ +xV =

1-x° =(1-X)(1+ x+x?) Point
0. 2 3 discontinuity
1-x" =(@-X)L+ X+ X" +Xx°) at (-1.5)

(—x)" 91+ x* = L+ X)L — X+ x?)

1-(—x
1—(—x)5 41+ =L+ X)L - x+ x> = x> +x*)
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\r(\./hen the numgrator of the rational funcFion is of an equal or f00 = X +1 A By Dx+ E Here you must be careful
igher polynomial order than the denominator, we can (X 1)2 (X 1)2 to note there are five unknowns
split the function up into a polynomial and partial fractions. to be found!
) ) ] ) Find A,B,C via polynomial division
The polynomial will become the asymptotic behaviour of the

function when [x| — oo X +2x+3
. x2—2x+1>x4+1
10 4 3 2
x4 oxe
- o
X X =2x* - X 4 -
“X+1=A(x-1)+B ’ f(X)= X+l X* +2X+3+ ax-2
AT T —2X° + 4x% = 2x (x=1) (x-1)’
x=1: 2=8 y=1 =3x* —2x+1
x=0: 1=—A+B=A=B-1-1 — | — DU
x+1 2 by 2 ;
LX) =——=1l+— =4x-2
x—1 x—1
2T 4X_22= Ea— P = 4x-2=a+ B(x-1)
In this case the asymptotic (x-1)° (x-1)° x-1
behaviour is: 1 w=1 2-g
f(x) =1 [x > x=0: -2=a-p
> pf=a+2=4
£(x) x? +1 At B  4x-2 2 . 4
= = =+ + — .. =
x—1 X — (x-1" (x-1)° x-1
X’ +1=(Ax+B)(x-1)+C
x=0: 1=-B+C 4
X' +1 )
x=1: 2=C .~.B=1 N 5 =X +2X+3+—-—
(x-1) (x—1)
Xx=2: 5=2A+1+2= A=1
. f(x)=X2+1=x+l+ 2 In this case, the asymptotic
B x—1 x—1 curve is:

y=X"+2x+3

y=X+1 inthis caseis
called the oblique -10 +
asymptote

f(x) > x+1, |[x| >

Mathematics topic handout: Rational functions & point discontinuities Dr Andrew French. www.eclecticon.info PAGE 3


http://www.eclecticon.info/

