The moment of a force, or torque, is the vector cross product of a displacement r and a force f. |T=rxf | |f r is the displacement from the centre of
mass of a rigid body then a net applied torque will result in a rotation of the body about an axis through its centre of mass. Note unless torque is applied via two equal

and opposite direction forces (this is called a couple) the centre of mass will also accelerate due to the net force upon the body.

If r and f are perpendicular, then the magnitude of the torque (or turning moment) is force x distance from the rotation axis.

T=2rx

f

A couple applied to a rigid

body creates torque T = 2r xf

This will not cause any
translational movement of

the

centre of mass of the body but

will cause it to rotate.

Analogous to Newton’s Second Law, applied torque equates to the rate of change of angular momentum

Angular momentum is defined as [L=rxp

f:d_p:i(m ): d_V:
dt dt dt
‘rzd—in(Im)zd—m
dt dt dt

Note | must be constant

i.e. the cross product between the momentum of
a particle and a displacement vector from an
axis of rotation

For a rigid body| L = l®

I is the moment of inertia tensor

and o is the angular velocity vector

which describes the instantaneous

rate of rotation about an axis parallel to .

The inertia tensor can often be

simplified if one defines

Cartesian coordinates to match the 1=
symmetry axes of a rigid body

>

o O

In this example, the aircraft

L a

Right-hand
screw rule for
vector products

[(y*+2%)dm  —[xydm —[ xzdm
With respect to Cartesian _ s 2
X,y,z coordinates:——> V= _I Xydm I(X +z )dm _I yzdm
—j xzdm —j yzdm j(xz +y*)dm
0
I Most engines comprise of a rotating shaft
0 which is then used to drive wheels etc. The

powerisgivenby|P=1-®

and the rotational kinetic energy

is executing a roll (and not
a pitch or yaw)

Newton’s Second Law describes how the centre
of mass of a body responds to a force, of the total
mass is constant.

Torque equates to a rate of change of Angular Momentum.

Typically we are interested in situations when I, f and t are all mutually perpendicular. | = % Ma? .. 2rF = % Ma?— - |lo=——t
In the top left figure, if the body is a disk of radius @ and mass m dt Ma

—1 =21 P +il il o
E—E(Im) o=3lo +;1 0, +3|, 0
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Thin rod, length [

Solid sphere, radius r

Spherical shell, radius r

Solid cylinder, radius r,
length [

Solid cuboid, sides a,b,c

Solid circular cone, base
radius r, height h’

Solid ellipsoid, semi-axes
a.b,c

Elliptical lamina,
semi-axes a,b

Disk, radius r

Triangular plate©

ml- ! Moments of Inertia about principal axes for various basic shapes
L=I>= 12 T . ) From Woan, The Cambridge Handbook of Physics Formulas.
I;~0 Is 11[ I Note the convention 1,,1,,1, has the same meaningas I,,1,,1,
2 TN | s
I =1,=1I;==m’ o, \ Example: Calculate the moment of inertia of
B 5 ( ’ ; L ) I+ a disc about its symmetry axes
I =I3=I“‘=§””_ N £ 5 Out of the plane
B [ M
I =1,= m (rz—i- —) ah I /I\\ L ra’ dm is a hoop of width
4 3 = 3| 2 dr and radius r, or
1 IV D Iy :Ir dm density p
I[y=—mr" a
: I3=J‘70r2xpx27zrdr
A1 11 ~ ZM a
I, =m( b +c )/12 o 7]]: == J,0r3dr
Iy=m(c*+a%)/12 i a "=
o 2M
Iy =m( a‘—l—b‘ )/ 12 o |~ I, = e a’
b a
3 E 2 (‘,« ) I,=1Ma’ Perpendicular axis theorem
Li=h==—m(r +— / N\ This works for laminae only
20 4 AR i.e. with no ‘Z’ extent
3 2 AN Lateral or longitudinal flip €. with no z-exten
Iy=—mr’ F s T I, =|(y*+2z*)dm= | y*dm
10 e - \ ' 1= [(x* +y?)dm = [x*dm+ [ y*dm (= [(y?+z)am=y
_ 2 2 (2
I =m(b*+c)/5 12 L=1+1 |2—J(X +z )dm—Jde
P N . . .
0\ D _ Since a disc and symmetric
L=m(c*+a*)/5 [ a j T N =1, < %y plane
Iy=m(a*+hb*)/5 \\11‘\ /7“ / =31, Parallel axis theorem
o = iMa’|
I,=mb*/4 [iz\ i I ZI(X ty )dm
P v ) \ 2 2
Ir=ma 1/4 7 ALY [, :J(X +y )dm:J((x+d) +y )dm
Is=m(a”+b")/4 .
b 112\\ I, =j(x +y )dm+2djxdm+d jdm
=1 =mr2/4 ' ':\\{1}1 I
I;= 1111‘2/2 \\\;V »/// .[de =0 Since C is the centre of mass
. a
m \ T e
»-—(a +bh+7 ) [,123 |Z.=|Z—i-|\/|d2



If a body is not rotating, or rotating with a constant angular velocity, then the

sum of moments must equate to zero. This is very useful in calculating forces in

equilibrium problems involving rigid bodies, since it doesn’t matter in this case which
p point ‘we take moments about.” (They must always sum to zero).

A tool like a screwdriver or a wrench can
deliver the required turning moment to
tighten a screw or nut with less force.

The torque on the nutis r x F. Itis also R x
f. Soif the ratio R/ r is increased, for a

given amount of force f, the effective nut-
turning force F is magnified.

Only when there is net torque is it a good idea to choose the centre of mass of an
object, and use symmetry axis to simplify the moment of inertia tensor.

2 m
Pivot or fulcrum

wv A Vg

<&—

This is called a
mechanical advantage.

R r

Using the convention that clockwise moments are positive (i.e. a torque vector
into the page is the positive direction), the above pivot system is in rotational
equilibrium if

—MgR+mgr=0 .. mr=MR

\
\Zr, Example 1: Consider a rectangular block on the verge of sliding in the x and —ve y directions when it is inclined at angle 6.
\ What is the coefficient of friction x between the block and the floor? Assume wall is smooth and floor is rough.

Mg (-wcos @ + hsin9) +
) Substituting into the
F=0 Smooth wall +uMg (—hcos@ +wsin @) +... moments equation
y
+ve FX — /qu About to slide on rough floor +,UMg (_h 0030 4 WSin 0) — 0 65. Maximulm angle Df‘block tilt bt?fore sliding ocours
0=R, —F, Newton’s Second Law in x direction 60
0=R, —Mg Newton’s Second Law in y direction —wcosd+hsing +... 55 “\‘
9 _R cos@xiw+R sindxih+.. +4u(~hcosd+wsing) =0 0 —
_ 1 : 1 Moments _ hoej _h o« 45 — —
F.cosOxzh+Fsindxsw+.. 0 F o #20_086’ wSing _1-jtand . P _
—R,cos@x1ih+R sin@xiw of mass C sind—+tcosf tang-L -
’ ’ . h h B
=0 ..(/l'i‘w)tane:l‘l‘w,u
30
1+ou
tan 6 = h % 0.2 0.4 056 08 1
Ht "
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Example 2: Stick on a circle problem (Morin, Introduction to Classical Mechanics pp38)

What are the coefficients of friction between (i) the stick and a circle and (ii) between the circle T T T T T T T T T T e T T T T T
and the floor necessary to maintain equilibrium? Note if there is no sliding .at the St'Fk an_d floor
interface (A) and at the stick and circle interface

(B), this is a sufficient condition for the system to
be in equilibrium.

Circle: Newton Il
+tve X: 0=—=F +rsing— f cosé
Forces on circle y: 0=R—Mg—rcosd— fsin@
An additional no-slip condition at the floor-cylinder

Circle: Moments about centre C junction does not need to be obeyed, so therefore

9 rsin® cannot be generally true.
f=F . f=———=rtan;0 . <
1+ cosé i.e. F<u R may not be generally true
f<pr For no sliding at poit®8 T T T T -
] f
0 a3
‘ - Stick on a circle equilibrium problem
Since stick is on a circle tangent Ly > sinf tan 16 1 : . —
a=Itanid § 1+cos@ —— Minimum Ha
ol f +tve ) —— Minimum p
F tick Stick: Newton Il 0.8+ /
orees on stie x: 0=F, + fcos@—-rsind =1 anlzg yd
. c - =tani
y y: 0=R,—mg+ fsin@+rcosé 2 Hlin 2/
L2 - /! 1
T | rsin’ o £06 b
> x - R,=mg—————rcosé S
1 =M cos0 g e
R . rsin@cosd Dol S |
N2 y\ Fo=rsing————" é 0.4 e
A F N\ 1+cos¢ ] e B sin@cosd
B . cosé o e min
F,=rsing|1-——— _ 1+ cos#)(2—cosb)
Stick: Moments about A A ( 1+ cosej 0.2+ //;/// ‘\\\\
2r . F -
0=21lcosfxmg—rl ..mg=—— g __tsind _ . e \\
. cos¢ A 1+cosé - i | : ‘
R, = 2f9_1r5'" 90 rcosd 0 20 40 60 80 100
COs + COS
2 sin?0+cosd+costd F, <u,R, Fornosliding at point A 0 Ideg
R = _
) r{cosﬂ 1+cos@ } F.
2 =R,
R, = r{——l} .
coséd S singcosé
R, _f(2-cos9) Ha = (1+cos8)(2—cosh)

cosd
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Example 4: Quarry truck problem
(Quadling, Mechanics 2, pp96)

Weight W

+ve

X
A quarry truck has wheels 4 metres apart. When fully loaded with stone, the centre of mass is
1.2 metres from the tracks and midway between the wheels. A brake can be used to lock one
of the pairs of wheels when the truck is on a slope. Is it better for the brake to be on the lower
or the upper wheels? If the coefficient of friction between the wheels and the rails is 0.4, what
is the steepest slope on which the truck can stand when fully loaded?

Moments about lower wheel: 4R +1.2W sina —2W cosa =0

~|[R=W (0.5c0s —0.3sincr))|
Moments about upper wheel: —4S +1.2W sina +2W cosa =0

/S =W (0.5c08x +0.3sin ) |
Therefore S > R for any « chosen. Since break force F is proportional
to S or R, get a larger F if you break with the

For no sliding down the slope F <0.4S

Newton Il in x direction: 0=Wsina—F ..F=Wsina

F <0.4S
W sinar < 0.4W (0.5cos & +0.3sin « )

sina <0.2cosa +0.12sina
0.88tanax < 0.2

15
a < tan 2
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