Consider a system of masses with position vectors r, and velocities T,

X ) rr=R+X,

) [ ‘, I.‘I:R—'—XI

L:z“miri xF,

Now write the position vectors and velocities in terms
° m of a vector R and relative position vector X,

The total angular momentum in the system is

L:Zmi(Reri)x(RH'(i)

L=Zmi(RxR+XixR+R><)'(i+Xi><)'(i)

L=MRxR+Y mx xX +y.m (x xR)+ > mRxx,

Now let us suggest a useful form for R, that is the mass-weighted average position vector

Zmiri Zmi(R +X;)
' R=————=>"mx

R= . X,
M M :

Therefore  ».m (X XR) Zmex

:(ZmiX‘jXRJFRXE(ZmiXi)
=0

=0

For a continuous distribution
of mass of density p(r)

R=3 [ro(ndv.

since it is implied here that the
masses do not vary with time

Therefore the total angular momentum is

L=MR">\<R+Zmixi xX, 4

Hence: L = Md(RxR) Zm—(x XX, )

LzM(RxR+R><R)+Zmi()'(i><)'(i+Xix${i)

L=RxMR+> x xm¥,

\

volume element

Sum of angular

| _— momenta of

masses about
R

Angular momentum of a single mass M at position R

We can analyse the dynamics
of a irregular, but rigid, mass in
terms of:

g
0]
p X (i) Acceleration of the

centre of mass

R MR =Mg+F
(i) Rotation about

Mg the centre of mass
Note forces passing Xx F = d_l- o= Id_‘”
through the centre of mass ﬂ dt N dt
only effect the motion of Torque about Inertia tensor x rate of
the mass centre. They centre of Change of angu|ar
cannot cause any rotation mass velocity
of the rigid body.
In this case, the angular momentum L is relative | d—w = in xmX
to the centre of mass d i

i.e. rate of change of angular momentum equals net torque, since of mass

Newton’s Second Law equates mass x acceleration with net

force.

We can therefore decompose a
system of masses into bulk
motion of the centre of mass
plus internal motion (e.g.
rotation etc) about the centre

A simple 1D example of centre of mass

L

In order for the above system to be in equilibrium, the total
moments about the pivot must be zero.

MR =mr, + m,r, + m,r,

Zmiri If M is the sum of all the masses, then
we can think of the three-mass system
M being equivalent to a single mass M a

distance R from the fulcrum.

torque i.e. the ‘moment’ of a force T=1 xf

Mathematics topic handout: Centre of mass Dr Andrew French. www.eclecticon.info PAGE 1


http://www.eclecticon.info/

= hemisphere

: : : By symmetry, centre of mass
Solid hemisphere, radius r sphere centre =1 .
! 'SP u d= % P y R=% Irp(r)dV must be along the x axis
Hemispherical shell, radi h t x.Y)
R e g’ SJplils (S Disc shape volume element dV = zy?dx
2 p=M
Sector of disk, radius r, angle oz sin@ disk centre r 2ar’
20 =5r— r
e d=3[ xpdv
Arc of circle, radius r, angle 26 i circle centre M7z r
? d=r¥ > dzﬁmj'o xy2dx
3
Arbitrary triangular lamina, height h perpendicular from base d= i r x(r2 _ xz)dx
h (perpendicular distance d=— %r3 0
between base and apex) 3
d=_"[3xr’ —ix']
Solid cone or pyramid, height h h perpendicular from base or3L? 47 lo
d=— art
r
. . . =S(3-4)
Solid spherical cap, height h, or —hV sphere centre 2r
sphere radius r - Eg 3r
4 3r-h d= )
Spherical cap shell, height h, h sphere centre
sphere radius r d=r 5
Semi-elliptical lamina, height h d= 4h from base
3z
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