Sine Rule & Cosine Rule These are two extremely useful trignometric results which are applicable to all triangles, not just right angled ones.

To prove the Sine Rule, consider three identical copies of the same triangle with sides a,b,c and (opposite) angles A,B,C.
Divide each into two right angled triangles.

x=bsinC y=asinB
x=csinB x=bsin A

ObsinC=csinB [DasnB=bsnA OJasinC=csinA
snC _sinB snB _snA sinC _sinA
¢ b b a c a

a _ b _ ¢
sinA snB snC

_ sinA_sinB _sinC or
Hence the Sine Rule states a = b = c
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To prove the Cosine Rule, consider three identical copies of the same triangle with sides a,b,c and (opposite) angles A,B,C.
Divide each into two right angled triangles, as per the Sine Rule derivation. However, in this case we will combine some basic trigonometry with
Pythagoras’ theorem to write two expressions for the dividing line x, y or z.

\ 1'% Vv

b? = (bcosA)’ +y? c® =(ccosB)” + a? =(acosC)’ +
a® =(c-bcosA)’ +y? b? = (a—ccosB) +x° ¢’ = (b—acosC) +2°
0 b?-(bcosA)’ =a? -(c-bcosA)’ 0c¢*-(ccosB)’ =b? —(a-ccosB)’ 0 a?-(acosC)” =c*-(b-acosC)’
bz—bzcoszA=a2—{c2—2bccosA+b2coszA} c?-c’cos’ B=h? —{a2—2accosB+c2cosz B} a2—azcoszc=c2—{b2—2abcosC+azcoszc}
b? —b?cos? A=a? - c® +2bccos A—b? cos® A ¢® —c®cos’ B =b’ —a® + 2accosB - c* cos’ B a®—a’cos’C =c”—b*+2abcosB -a®cos’ C
a? =b?*+c?-2bccosA b? = c? +a® — 2accosB ¢’ =a’+b®—2abcosC

b?+c?-a L +a-p? _ _1£a2+b2—c2J
A=cos!| ——— B=cos'| ———— C=cos'| ——

( 2bc J [ 2ac 2ab
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sin(B)

y=

Examples:

Use the cosine rule to find angles
given three other sides

9 = \J‘-’Ezt_—ﬂ— 203Y?) b’ 5 YEL
-{n =624

) 717Nt _1,»;,11
K f = s e

wETTY

For finding angles it is best to use the Cosine Rule, as cosine is single valued in the range 0°... 180° whereas sine has two values.
If the angle is obtuse (i.e. > 90°), then the sine rule can yield an incorrect answer since most calculators will only give the solution to sind=k
within the range  -90° .... 90°

05} A

05\

-1

sin(@)=0.5
1

Unit circle: sin(@) = 0.5 06 /
- = \

sin(e)

-0.2¢

H 0.4}

-0.5 ] 0 0.5 1 06}
x = cos(f)

08} \

sngd=3
9 - 300 ’1500 . 0 /degrees

TWO values in the range 0°... 180°
Which one is correct?

= L L L I
0 45 90 135180 225 270 315 36

sin(@)

y=

cos(0)=0.5
1 T T T
osl 1 YA (cos B, sin B)
Unit circle: cos(6) = 0.5 0sl | /
}
7\ o4y | y sin\ ¥
/ ]
/ 0.21 s >
/ X
w0
8
0.2
0.4
cos@ is the x coordinate of the unit circle
-1 -0.5 0 0.5 1 -06F . . . . .
X = 6os(0) sind is they coordinate of the unit circle
0.8
cosd =1 L L 0 is measured anti-clockwise from the
T2 70 45 90 135 180 225 270 315 360 X axis
0 /degrees
6 =60°,300°,...

Only one solution in the range 0°... 180°
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Surveying example (2):
Note the calculation can also be done more generally, and directly,
using tan

Surveying example:
Use the measurements below to work out the
height H of Mount Everest above sea level

180° - 24° -135°

=21°
~
~ ~
A 135 oo [N - peodl~~ -
823m1 10,000m x =10,000m

\li "1 The plains of Nepal

H-h=(x+y)tanf

\Ii The plains of Nepal

Sine rle: Th thod of determini Ititude of
e method of determining altitude o o
X 10,000 mountain peaks using elevation H-h=ytana
Sn24° = Sn o measurements at either end of a flat _H-h
] o baseline was used to great effect Oy= tana
Ox= 10,000sin 24 in the Great Trigonometrical Survey of
sn21’° India which continued for much of the OH-h=xtan B+ H-h tan B
X 19t century. George Everest was the tana
H -823=xsin45° =—= second superintendent of the GTS, tan 3 tan 3
\/E and the world’s highest peak was H (1——) =h+xtanf-h——
X (renamed) after him. In Nepal it is tana tana
OH= 823+E known as Sagarmatha, and in Tibet, H (tana —tan B) = htana + xtana'tan S~ htan B
Chomolungma “Mother Goddess of
10,000sin 24° the Universe”. _ ., xtanatan S
OH =823+ H=h+——
sin21° x+/2 tana —tan S
= 1 tan 45° tan 24°
JH = 8848m OH =823+ 0,000tan 45" tan
tan45° —tan 24°
JH = 8848m

George Everest
(1790-1866)
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