Continued fractions are a representation of numbers in terms of ‘nested’ integer and fractional parts. Rational numbers (which can be expressed as a fraction
of integers) will have a finite number of ‘levels’, whereas irrationals like 7, e or the golden ratio ¢ will have an infinite continued fraction. It is the latter representation
which is useful, as a truncation of the process will yield a rational approximation to these numbers.

Examples using rational numbers

654 =2+ ! 1 =24-=2.03738317757...
321 964 -
1+ —
2+1
9876 =1+ 11 =151 =1.81811487482...
5432 1+
1
4+ 1
2+
122 +1

Examples using irrational numbers

T=3+ 1 =[3.141592653509...

1
7+ 1

1
i ——
292+

1
1+ 1+

1

Truncations of this continued fraction yield rational approximations

7 ~3+ % ==85714286...

T3+ ! = 335 =(3.141592092035...

74 1 113
15+1
T~3+ ! = 104,348 =(3.14159265392...
7 1 33,215
* 1
15+ 1
1+ —
293

Algorithm for finding a continued fraction of the form |x=a, + ! 1
a, = floor(x) A+ 1
a, + :
rg :X_ao a‘3+ a,+...
a, =floor(1/r,)
L=1r-a Example: X=+/2
a, =floor (Y/r,) J2 =1.41421356237..
r,= 1/[’1 —8, a, =1
Lo T ' Ur, = 2.41421356237
I Iteration, i.e. aloop | o
I I a=2
2= floor (1/r,) | 1r, = 2.41421356237...
| () ::I‘/rn —8 I a, = 2
e J
Stop if r becomes less than a set smallvalue ™
e.g. 1013, or if n exceeds a desired
maximum number of levels (e.g. 10) ﬁ 14 1 : ~ 1393
floor(x) means ‘round down to 2+—— 985
the nearest integer’ 24 1
2+
Note:
8 =1
P ()
L =2
_ 1 The identical values for the continued fraction numbers
yr=——
2 2_1 a, a,,a3,8,.... 0ccurs because the remainder r is always the
a—=2 n>0 same for the square root of 2.
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Algorithm for evaluating a continued

fraction numerically

a=(8,a,8,&..2)

Yi=ay, +1/YO
Y, =y, +]/y1

yn = a'N—n +1/yn—1

More continued fractions of irrational numbers

1 _ 2.71828182846...~ 22
1 536

1
1+
1+ 11

44—
1+.

a=(2121141161181110,1112...)

e=2+
1+
2+

Ji2=6+ L

+
12+..

a= (6, 2,12,2,12,2,12, 2,12...)

=6.48074069841...~
649

4206

1 1597
p=4(1+6)=1+ ——=161803398875.. < ;8_97
1+ 1
1
* 1+ 1 The Golden Ratio ¢ is clearly the most
Yo beautiful continued fraction, as all numbers
L which construct it are unity!
+

In Physics, the total resistance (R) of two resistors in parallel is given by

1 1 N 1 R
R R R AN
whereas resistances in the same loop (i.e. in series) are additive. R
2
*,
!
R=R +R, _| I
w N alo .....
M MY
We can use this fact to Ya,
construct circuits which a,
have resistances given AN AN
by continued fractions. 1/a,
1 a
R=a, + .
% N ANV AN
1 a
e L a,
a3 + a,+ a4
AN M
_________________ | ]/as
I Since the combination |
: of inductors (with no mutual | a,
| inductance) follows the same rules | AN AN
| as resistors, we can construct | ]/
| continued fraction inductances in : 8
| exactly the same way
________________ I &
L AN AN
e a

Circuit diagrams drawn using http://www.partsim.com/
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The Circuit of Deep Thought (1)

+| | +| 1 +| |
|’ ! I
1L |1 I
R ..... I 3R ..... —_| 12R ..... _|
A AN AN M M M
R R sR
R 2R 12R
M M A'AY M M MN
R R zR
R R 12R
A AN AN M M M
R R iR
R 292R 12R
M M A"AY M M MN
R R zR
R 15R 12R
A AN AN M M M
R R zR
R 3R 6R
M M AN M M MN
R iR iR
Rtotal - %(1+ \/g) R Rtotal — 7R Rtotal d \/ER
1 1 1 1
¢=3(1+ ﬁ) —1+ : =1.61803398875... T=3+ - = 3.14159265359... J22 =6+ — 6.48074069841...
1+— = 7+ 24 .
1 1 1
1+ 15+ 12+
1+ ) L 1+ 1 2+ : 1
+1+% 292 + 1+i 12+2+ 1
L. 12+...
a=(11111111.) a=(3,7,151292,111,2,131.) a=(6,212,2,12,2,12,2,12...)
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A similar infinite parallel circuit can be drawn, but this one The Maclaurin expansion for various functions enables
does not result in a continued fraction, merely a summation of fractions. a variety of irrational number total resistances to be set using integer (or
rational value) components.
+
I
! Special case: All resistances e =1+ X+ 35X+ 5+ 5 X+
_____ ._||, the same in the parallel loops e=l+l+i+i+L4lq .
1 Ty T AT
AN R=R, + 1411 41 , , :
R, ROTR TR TRy Define the following resistor network:
n>0: R = 1
” R1R1 R R
AMNs “R= Ro 5 Ro R, ' 2R, ' 2R, ' 3R, ' 4R,
R N R=R[1+1 +|
. H = + —
MJOR - R, 0 e |I
AN - i
R | e —] |
Special case: Resistances are in AN
AV a geometric pro%ressmn 5IR,
R, R=R,+ — -
?1+R72+R73""+W m
4!
AW n>0: R =2 R
R, r
R=R+— MW
AN AN I+r+ri..+r 3R,
1-r
Ry R, R=R,+R ——
1= AL
1 2R
R=R, tT o 0 1 ’
Tttt <r<
MR — _ MN
limR=R, + R(1-r) A
1 0
r>1 R= RO + 1 1 1
i ?l+R72+R73""
limR =R, AN AN
—>00 RO RO
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