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Vectors Displacement Velocity Acceleration Force

A vector is a mathematical object which, in two or three dimensions, describes an arrow. i.e. it has a magnitude ( i.e. length) and a direction. Many physical quantities
such as displacement, velocity, acceleration, momentum, force etc are vectors, which means the laws of Physics are typically written as vector equations.

Vectors are not numbers (‘scalars’) but the algebra of vectors is very similar to the algebra of numbers.

a
Vectors add ‘tip to tail’ Scalar multiplication
Stretches a vector
a+tb=b+a a
2a=a+a
A vector I has both magnitude and direction. y !
A negative vector (i.e. _ '
I r=r 0 .
—-a multiplying by-1) reverses r .
the direction The magnitude (or ‘modulus’) of a vector can often be i
worked out using Pythagoras’ Theorem. .
2 2 2 9 i
rr=x+y X

If we use a two dimensional Cartesian (x,y), system, then the magnitude of a vector extending from the origin is the range r of the end of the vector.
The direction is defined by the polar angle 6. This is typically measured anticlockwise from the horizontal x axis.

X component
In the 2D Cartesian system it is conventional / y
to express a vector in x and y components 4
as a 2 x 1 matrix. This convention is a=
very useful as it means pre-multiplication by 3 a b=
a 2 x 2 matrix can transform one vector into

another ‘3‘25
1 2)(4) (10

= e.g. shear
0 1){3 3 X axis invariant, shear factor 2

w
o

y component
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We can construct a grid system with vectors and use this to describe the location
of points in space in terms of these basis vectors.
OA=a OB=b OE =a+b ED=a+b

OB =3a OD=2a +2b
OC=3a +2b

M is the mid-point of the line ED. The position vector of M can be easily
Found in terms of vectors a and b via some simple algebra, and expressing
The ‘route’ we want in terms of what we already know.

A nice feature of vector algebra, is that in terms of adding vectors, all alternative routes
are equivalent.

OM =OE +1ED
OM =a +b+1(a +b)
OM =2a +3b

A Example: Find the position vector OD in terms of basis vectors @ =a @ =b
Assume ODC is a straight line and M is the mid-point of the line OA and AC :éﬁ
. P . Since OD is . .
We can find OD in two different ways parallel to OC Comparing the scaling factors of a and b separately:

. Y

. GicaMD o o
M 2_OM +NLD p;;ﬁeltoll\le OD = 0C OD=32pa+2pb=3a(l-a)+ab
OD:%aJraMBZ OD:ﬂ((ﬁ+AC) a: %ﬂ:%(l—a) @
a .
OD=3a+a(b-3a) OB = f(a+ 2 AB) b: 2f=a )
ﬁzla(l—a)+ab e
2 OD = (a+2(-a+b)) 204 (2): &l fus
© B oD =32 2 j ’ op -3 1
b OD =¢pa+¢pb M@ a=2f ca=1 +|OD=ga+3b
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Vector (dot or scalar) product : If the dot product is zero this :
| means vectors are perpendicular ! 9 g rcos ) <—— X component
7 > b Th‘e scalar ,product is proportional to the projection (2] [rsin 9] < y component
. or ‘shadow’ of one vector upon another X
/
7/
Iblcos® e a-b=|al|b|cos& A Y| =[x =1
z
a-b . . . o tnOans
R a Cartesian coordinate unit vectors a=ax+ay+a,’ We often speak of ‘resolving’ a vector into components.
Ry=%-2=9-2=0 Typically these will be with respect to Cartesian
T basis vectors, which are mutually perpendicular and are
a, X-X=y-y=z-z=1 g unit vectors, which means they have unit lengths. (i.e.
N N 5 they are ‘orthonormal’).
a=ax+ay+az=|a, a-b=ahb +ab, +ab,
a X - X inov :
) r=rcoséx+rsingy rsiné
b, 1) (-1
b=bX+by+b2=|b, eg- |12/ 3 |=MED+AB)+)(-2)=-1 Resolving vectors into [ CoSO
3] -2 Cartesian components is
b, used extensively when
solving Mechanics y
problems, i.e. resolving
b Vector (cross) product  The cross product of two vectors creates a third vector the fo_rces in the .
ax e : direction of a sensible 10
which is mutually perpendicular to the two other vectors : :
- which form the product coordinate system which
laxb| =al|b|sin& : exploits the symmetry of
Note cross a problem.
A A oA bxa=-axb | products are anti-
XXy =12 commutative 0
b N
yxzZ=X
A Cartesian basis vectors 8
ZXX=Y | form aright handed set
a v
. - 5 Right-hand ma 8
axb—X(abe —azby)+y(asz _axbz)+z(axby _aybx) screw rule for "
. . vector products 3 ma
The magnitude of the cross product is P y
proportional to the perpendicular distance
of one vector from another. This explains Useful cross-product identities ::"SV;‘:(“;;‘I’:;ES”L:“\‘;QW sum of forces
the utility of vector products in Mechanics, (axb)-(cxd)=(a-c)(b-d)—(a-d)(b-c)

as this is a defining property of a moment
of a force f about a rotation axis.

i.e.atorque T=rxf
(ris the displacement from the axis)

(axb)xc=(a-c)b—(b-c)a
ax(bxc)=(a-c)b—(a-b)jc «<—

| Vector triple product. Note:

ax(bxc)+bx(cxa)+cx(axb)=0
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