Calculus toolbox

Definition of the
derivative

y =u(x)v(x)

Product Rule

dy

The differential (or ‘derivative’) of a Alternative forms of derivatives
function y = f(x) is the gradient of the 2 n
curve y = f(x) at the point (x,y) . f '(X) = ﬂ f ..( ) d-f Q) (X) - u
y="f(x X’ o’
dy (A - () %= dX gz 4
dx a0 AX dt dt
u(x)
=—— = d df d -
v(x) y=1() L= | dy_[ox
z=g(x) dx dy dx dx dy
S i
_ dx dx dy dy dz €0 . — y3 = 3y2 —y Reciprocity
y V2 dx  dz  dx dx dx
Quotient Rule Chain Rule Implicit differentiation

dX stationary point

/.\

y=ax’, a<0
Maxima

d’y
dx?

<0

stationary point

Stationary points
i.e. zero gradient

%

y=ax’, a>0
Minima

d’y
dx?

stationary point

>0

Integration is anti-differentiation

Differentiate

jf '(x)dx = f (X)+c

Note integration creates
information (i.e. the
constant of integration)

Volumes of revolution

v, ="

Vv, Iy _xidy

N

curvature v’ s vy
_ 27II y l—l— dX surface area R= 1+(_yj 2/
dx dx

Z—F—f(x)

L f (X)dX =F (b) - F(a) Definite integral
j f(x)dx = F(X)+¢

F(x) is the anti-differential of f(x)

Indefinite integral

Integrals mean ‘sum rectangular strips of height f(x) and width Ax’
(in the limit Ax -> zero). This means they have the same properties as
sums of discrete numbers.

[ (x)dx

j af (x)dx =a j f (x)dx

j {F()+9(x))dx = j f (x)dx + j g(x)dx

Ratio of derivative to function

jf'(:)dx=|n|f(x)|+c

10~

P ST - =

A definite integral can be used to find the area between a curve y =
f(x) and the x axis. Areas below the x axis are negative.

i Bl L

Length along a curve

- X Y
L=_[ 14| Y dx
a dx

radius of

NY 4 o = N

0 _/"

Integration by-parts

I:(uv) dx = [ujvdx]: —j: {g—i(j

vdx)}dx

Area between two curves

A=[(f(0-

g(x))dx

Calculus of Variations

d
I_I f(y.y'x)dx, y'= &y

dx

If | is stationary (i.e. maxima or minima)

o _d(of
oy dx| oy’

Euler-
Lagrange
Equation

Principle references: http://mathworld.wolfram.com, WOAN, G., The Cambridge Handbook of Physics Formulas
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Derivatives and integrals of basic functions .... and some useful identities involving basic functions

dy
dx

y="1(x)

y = cosax

y =tanax

For all trigonometric functions, x is in radians

e™ =cosX +isinx
cosx=1(e" +e™)

sinx=%(e" —e™)

sin? x+cos’ x =1
tan? x +1=sec? x
cot? x +1=cosec® x

d
[ f o0 - y="1( [ f 00
dx
n _ 1 n+l d
.[X dx=77x""+¢, n=-1 d—yzsecxtanx y =Ssecx fsecxdx=|n|secx+tanx|+c
X
.[eaxdx=§ea* 1E %:—cotxmosecx y = COSEC X Icosec xdx =—In|cosecx +cot X| + ¢
X
a - dy 2 :
jb dx = +C L = _cosec?x y = cot X _[cotxdx:ln|smx|+c
Inb dx
dy _ a —aip-L P 1 22 i1
jln|x|dx=x|n|x|—x+c = y =sin—ax jsm xdx =141—a?x? + xsin"ax+c
dx 1-a?x?
. d a _
[sinaxdx =~ cosax+c Y____ 8  y_costax [cos™ xdx = xcost ax—1y1-a’x" +c
dx  1-a*x’
dx = Lsi dy _ a _ -1 -1 -1 1 2,2
cosaxdx = sinax+c 2= y=tan"ax  [tanaxdx=xtan"ax—£In(a’x* +1)+c
dx 1+a’x’ 2a
Sin 2X = 2sin Xcos X 1 1 1
_[tan axdx=—§|n|cosax|+c ] seCX=— COSEC X = —— cotx=——
C0S2X =C0s’ X —sin® X COS X sinx tan x
log, x +log, y = log, Xy log, x—log, y = log, > floor() means round
sin(A+ B) =sin Acos B +cos Asin B b b b b i " down to the nearest
] ] Iog X integer. Use this
cos(A+ B) =cos Acos B Fsin Asin B log, x* =alog, x log, x= I—b result to evaluate
0g, a very large (or very
tan(A£B) = tanAttanB small) numbers of
1_—+_ tan Atan B X = blogbx N X :10xlogm N —floor (xlog,, N) ><:I_Ofloor(xlog10 N) <t the form N* in

standard form.
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More derivatives and integrals of trigonometric functions

dy
dx
dy . .
o= M COS MX COS NX — NSiN MXSin Nx
dy . .
o MCOS MXSin NX + NSiN MXcos Nx
dy . .
. —MmSin mXcos NX — NSin NX oS Mx
ﬂzCOSZX
dx
ﬂzsin 2X
dx
ﬂ =—-25in XCOS X
dx
ey = 2tan xsec? x
dx
ﬂ=3sin2 X COS X
dx
&y =-3c0s” XSin X
dx
ey =3tan? xsec? x
dx
sin® x =1 (1-cos2x) cos’ X =1 (1+cos2x)

y="f(x)

y = sin mxcos nx

y =sinmxsin nx

Yy = COS MX COS NX

y =Sin Xcos X

y =sin’ x

y =cos’ X

y =tan® x

y =sin®x

y =cos’ X

y =tan® x

j f (x)dx

cos(m—n)x cos(m+n)x M %12

Isin mX cos nxdx = —
2(m—n) 2(m+n)

sin(m—n)x _sin(m+n)x m?
2(m—n) 2(m+n) '

Isin mxsin nxdx =

_[cos mx cos nxdx = Sl + 0 n)x1 m? #n?
2(m—n) 2(m+n)

[sinxcos xdx =—4cos® x+¢
[sin® xdx =% x—4sin2x+c
[cos® xdx =% x++sin2x+c¢
[tan® xdx = tan x—x+c
J'sins xdx =% (cos3x —9cosx)+c

[ cos® xdx = £ (9sin x+sin3x) +c

[tan® xdx =4 sec” x+In(cosx) +¢

sin® x=1(3sin x —sin3x) cos® x =1 (3c0s X +cos 3X)

Mathematics topic handout: Calculus Toolbox Dr Andrew French. www.eclecticon.info PAGE 3


http://www.eclecticon.info/

Derivatives and integrals of hyperbolic functions

dy
dx
ﬂ = asinh ax
dx
ﬂ = acosh ax
dx
ey =asech?®ax
dx

% = —asech ax x tanh ax

X

ﬂ = —acosech ax x coth ax
dx

oy = —acosech’ax
dx

ﬂ _ a

dx  Ja’x? -1
ﬂ B a

dx a’x®+1

ﬂ_ a
dx 1-a?x?

y="F(x)

y = cosh ax

y =sinhax

y =tanhax

y =sechax

y = cosech ax

y = coth ax

y =cosh™ax

y =sinh™ ax

y =tanh ™ ax

j f (x)dx

[sinhaxdx = <sinhax+c

[sinhaxdx = coshax+c

a

Itanh axdx =In(coshax)+c
[sechaxdx=2tan™ (e™) +c
[ cosech axdx = In(tanh ax)+c

a

[ coth axdx = £ In(sinhax)+c

J'c:osh’1 axdx = xcosh ™ ax — 2 Jax—1ax+1+c
[sinh axdx = xsinh ™ ax—1y/a’x* +1+¢

a

[tanh™ axdx = xtanh ™ ax+ & In(1—a’x* ) + ¢

coshx=1(e* +e™)

sinhx=14(e* —e™)
sinh x
cosh x

tanh x =

sinh* x = In(x+ﬁ)
cosh™ x= In(x+\/ﬂ)

sech™*x=cosh™1

cosech*x =sinh™* 1

coth™ x=tanh™1
tanhlx=%lnG+—xj .
—X

cosh? x —sinh? x =1
sech’x +tanh? x =1

coth? x —cosech?x =1

sinh 2x = 2sinh x cosh x

cosh 2x = cosh? x +sinh? x

sinh(A+ B) =sinh Acosh B + cosh Asinh B
cosh(A+ B) =cosh Acosh B +sinh Asinh B

J’_
tanh(A+ B) = tanh A+ tanh B
1+tanh Atanh B

cosh® x =£(cosh 2x +1)

sinh? x = £(cosh2x 1)

1
2
1(3cosh x + cosh 3x)

cosh® x

sinh® x = 4(—-3sinh x +sinh 3x)
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Standard integrals

o n!
j X"e¥dx=——, aeZ"
0 a.n+1

i.e. positive integers

[ e~ dx=1z, a>0

[‘xe™dx=%, a>0
0
jo X"e * dx =

I e? gy = \Ee%b ,a>0

1><3><5><...(n—1)(2a) ’
2x4A%x6x........ (n-1)(2a) *

+

o

n>0, neven

n>1, nodd

1 plq!
xXPA-x)dx=——"—, p,geZ”
-[0 (=) (p+q+1)! P.ae
[“cos(ax’)dx =1z, a>0
[sin(ax®)dx =1z, a>0
“8NX i
o X
wsinzxd .
IO X2 XZE”
[’ ! x=—% (0<a<1)
o (1+x)x° sinax

| dx=LIn(a+bx)+c
a+bx

| L —dx = 1 ¢
(a+bx) b(a+bx)
j;dx=—§ln(a+bxj+c
x(a+bx) X
j%dx=itanl(%]+c
a‘+b°x ab a
Ixziazdx=iln—2+c

J X ndx: - n-1
(x*+a’) 2(n-1)(x* +a’)

1 1
jx(—dx=—ln

x“+a)

X
I 2 2dX=
X“ta

n

an [x"+a

in|x* +a’|+c

+C

+C

n n+1l
;_d_(_j e
(1+1x) 1+x

I;
1

.[X ’XZ _aZ
1

Iﬁdx
X

I =

d

= In‘x+\/x2 +a’

x=1sec™(1x)+c
=sin™ (£ x)+c

=Jx*+a’ +c

+C

[xInaxdx =4

X’ (Inax—%)+c

Integration by substitution

Integral Try substitution
includes

(ax+b)" u=ax+b
Yax+b u"=ax+b
a—bx? asin®u =bx®
a+bx? atan®u = bx?
bx® —a asec’ u = bx?
e u=e*
In(ax+b) e =ax+b
eg. | :Il+ 2 dx

X=tanu ..u=tan"x

dx ) )
ﬁzsec u .. dx=sec”udu

1+x*> =1+tan*u =sec’u

1 sec?u
I:-[1+x2 dX:Iseczudu

I=Idu:u+c

| =tan™* x+c¢C
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Special functions Contour integration of complex variables y =Im(2)
X .2 . \
erf(x) = %J‘o e dt Error function f(z)=u(x,y)+iv(x,y)
x , _ ou  ov C
C(x)= J. COS(%ﬂ't )dt Fresnel integrals —=—
0 ox oy Cauchy-Riemann
S(x) = [ sin(zt?)dt ou gy  eauatons
0 2
_ « el oy X x =Re(z)
Ei(x) =I Tdt, X>0  Exponential integral 1
" v f(2)dz=27i3 R - o 1(2)= ;
I'(x)= I t*“e"'dt, x>0 Gamma function c =er a Cauchy (Residue) theorem (Z - Zo)
0
has a pole at z = z, of order m
F(l) =1 Rk = afﬁ) Residue —i.e. the -1 term of the Laurent expansion l/ °
I'(n+1)=n! Note Stirling’s Approximation 27n"ze ™" I Oan
f(z)= a®(z—-z™ Laurent expansion of f(z) about poles z, of order m
—0 n 0 0
J(w) = I f(t)e?'dt  Fourier transform n=—m
. 1 dm
—© ; — i (j)
f(t)= I_ 3(w)e’™™dw  Inverse Fourier transform R = ZL"Z?@ (M- dz™ (( L ) f (Z)) Computing the Residue
L(s) = .[o f(t)e"dt Laplace transform
op 0
” —p + —q dxdy = (j) ( pdy - qu) Green’s Theorem in a plane, for functions p,q which
Fourier series Al OX 5}/ ¢ have continuous derivatives within area A bounded by
contour C
2nzt . [ 2nxt
—1
x(t)=1a, + Z{a cos( +b sin - Example:
. Consider this complex contour ze" ze"
J‘wm(jx - i integral. Simple poles (i.e. m = 1) =¥ 1+ 72 dz= @Cfdz
a,= 2" xyoos| 227 v it w2 TR ) )
2 pir R X(COSX+isinx Re'Rsosising)
b, = ?J‘zl x(t)sm dt Residues are: | = I ( > )dx + Iﬂ € — iRe’d@
5T R 1+x =0 1+R%
R, =lim { z2-2,)f(z } ;
.= lim{((z-2)f(2) 2= Re"
je’? . As R become infinite the second integral tends to zero. Hence,
. Z,=1 1ot 7 =i using the residue theorem and considering imaginary parts:
2 0
R.=7 " =47, . IXsin x
—le . € Zy=-l J. dx=2zix% e Contour only encloses the
T Z,=-1 - 1+ x? pole at +i
© 2XSin X dx=
Now consider a semi-circular contour of radius jo 1+ 2 X= N Since the integrand is even
R in the upper half plane of the Argand diagram
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Vector calculus

axb
Cartesian coordinate A
unit vectors z
I S S =aXx+ay+az
X-y=X-2=y-2=0 a-ax+ay+a,
%-x=y-9y=2-2=1
Xxy=2 .
N y
yx2=X
IxX=Yy L
\V4i :i ﬂy ﬂ Gradient
x ey oz

2 2 2
sz:af+af+af Laplacian

ox*  oy* o7’

dV =dxdydz  volume element

A=AX+AY+AZ Generic vector
V-A= 8AK aAV 6AZ Divergence

axayaz

VxAz)”((ai—%]ﬂ”/(%—ai}ri[%—%J Curl

0z OX
r=xX+yy+izz F=XX+Vyy+i72 F=XX+Vyy+7z

oy oz

ox oy

Displacement, velocity
and acceleration

[(v-A)dv =¢ A-ds
[[(VxA)-ds=¢ A-dI
@S(ng)-ds=jv(fvzg+Vf

Vg v
c.[Ss(ng—gi)-ds:J.v(fvzg—

Gauss’s Theorem (‘Divergence theorem’). Surface S bounds volume V

Stokes’ Theorem. Surface S extends from loop L.

Green’s Theorems

gV f )dv

Vector scalar (dot) and cross products

a-b=lal|b|cosé

laxb|=|al|b|sin&

a=aX+ay+az

b=bx+by+b?

axb=%(ah,-ab )+y(ab —ahb)+2(ab -ah,)
bxa=-axb
(axb)-(cxd)=(a-c)(b-d)—(a-d)(b-c)
(axb)xc=(a-c)b—(b-c)a
ax(bxc)=(a-c)b—(a-b)c

Identities involving the vector derivative operator
V(fg)=fvg+gVf

V-(fA)=fV-A+A.-Vf

Vx(fA)=fVxA+VExA
V(A-B)=Ax(VxB)+(A-V)B+Bx(VxA)+(B-V)A
V(AxB)zB(VxA)—A(VxB)
Vx(AxB)=A(V-B)-B(V-A)+(B-V)A-(A-V)B
V.vf =Vv*f

VxVf =0

V-(VxA)=0

Vx(VxA)=V(V-A)-V’A
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Vector calculus using cylindrical and spherical polar coordinates

X =rsingcosé
y=rsingsing
Z=rcos¢

N>

Conversion between Cartesian

r=XX+yy+1z and polar coordinates

Cartesian coordinates

<

Polar coordinate unit vectors as Cartesian coordinates

N\ I =sin@cosdX + sin @sin Y + cos ¢2

0 =—sin Ox + cos Oy

>

¢ = COS $#COS OX + COS psin Y —sin 2

Spherical polar coordinates

of . 1 of 0 10f ;
Vf=—fF+—"0+="¢
or rsingof rog

2p_ 10 ,0f 1 o(. ,of 1 of
“r2orl or) r’sing oo 00) r°sin“6 o¢

dV =r?singdrddd ¢
A=AF+AB+AD

V-A—ia(rzA) 1 aAa 1 a(sin¢A¢)
Tt oor rsing 06 rsin¢ o¢

N o(singA,) oA +§ 8(rA) oA ii%_a(w)
" rsing o¢ o0 ) r| or o4 | rlsing ol  or

A . s de A . do . o
— =3SIin ¢60 + — =-@|sin ¢r + cos — = —¢r + COSPH0
L =Singdbgh  —h=-6(singircosgh)  ~t=—gi+cosg
rzi(rf)zr'f+rsin¢96+r¢3$

dZ

~a (1)=("

—rg? —rsin? ¢92)f +(2r COS ¢0 + 2sin pOF +rsin ¢5)6+

+(2r'(,5+ ré —rsin ¢cos¢92)$

\V4i =_x+_y+_z Gradient
OX oy 0z
2 2 2
sz:8f+8f+8f Laplacian
ox? 6y2 0z°
dV =dxdydz  Volume element
A= A()A( + A\/y +AZ  Generic vector
V-A= aA/ AZ Divergence

VxA= [aAZ GAY] y(%_aij_{_j(%_%J Curl

r=xX+Vyy+z2

of , of . of

ax 6y

0z OX
F=XX+Vyy+iZ

a oz ox oy

= %X+ y§/ + 55 Displacement, velocity

and acceleration

Cylindrical polar coordinates

dr

Vf:if%ﬂfﬂﬂi

ox oy oz

2 2

vr-10(,0), 100 oA

ror\ or r- o6 oz
dV =rdrd@dz
A=AX+AYy+AzZ

0
VAZEM-FE%-F%

V x

o

r or r oe oz
(1 aAz aAe N 8A aAz 4 G(FAH) 6Ar representations
A=I’(————j+9(——— +F T A Aap of time
derivatives of

Note alternative
r o oz oz or or 86’}

N A . polar angle
=60 3—?=—0? p do
= = —
d o dt
=a(rf’)=r'?+r¢90+z‘2 4
w = = 2
dZ dt

= ——(rf)= (r’— réz)f+(2fé+ ré')f)+ 77
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