Taylor & Maclaurin expansions

A Taylor series is a polynomial expansion of a function f (X)

in the vicinity of a particular point (X, f (X,))

The Macluarin expansion is a special case when X, =0

Taylor and Maclaurin expansions are useful as approximations
to functions. They can enable numeric evaluations of functions
such as sine, cosine etc and also integrals that cannot be

analytically evaluated.

Taylor series ,
£ = )+ (X—x) f () + X=X) X)

100=3 "k 10

£ (x,) = d" f(x)

X=X

fr (%) +...+

C=X) f oy
n!

Maclaurin series
2

f(x) = f(0)+xf '(0)+% £(0) + ot

f(x)= Z: f“W@

d"f (x)

00 ==

x=0

Brook Taylor
(1685-1731)

Colin Maclaurin
(1698-1746)

10| Il I
|
8 — B _
6 | _
juni
0 N
2 -
4 -
6 -
-8 I ‘|
-10 [ [ ]

-10-8 6 4 -2 0 2 4 6 8 10

Maclaurin series for f (x) =sinx
Increased number of terms
improves the approximation
further away from x =0

Maclaurin expansion for
trigonometric functions
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The Maclaurin series for f (x) =In(1+ x)
diverges outside the range [-1,1] regardless
of the number of terms in the series. Indeed,
adding more terms makes the series
approximation worse outside [-1,1]

Maclaurin expansion for
exponential, logarithmic
and hyperbolic functions
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Maclaurin series of functions defined as integrals
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Approximations to integrals that can’t be evaluated analytically
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This result has an application
in probability theory. The
Normal Distribution has a
probability density function
p(z) i.e. where the probability
of ‘normalized’ random
variable z being between

z and z+dz is p(z)dz

The probability of z being less than z* is therefore:
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Since Jm p(z)dz =1
and p(z) is an even function
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This is how tables of the
cumulative
Normal distribution are

worked out numerically

R()j

R (X) = [( ) f(n)(t):l jof(n)(t)xn(

R ()= X7%) foy )R
n!

__(x=%) X) 0y ) X
R,00 = O R

) f"D(t)dt  Define this function

—X )n B f(")(X)

Proof of the Taylor

expansion
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