Argand Diagram loci

Regions of the complex plane (the Argand Diagram) can be defined via algebraic expressions involving complex numbers.

Circle, centre (a,b), radius r

lz—a-ib|=r

Z=X+Iiy
Z=X+Iiy

2-2-3i|=1

N ———

\z—a—ib\zzr2

It is easy to show that this form results in the

. R
x+iy—a—ib[ =r?
Cartesian equation of the circle

(x-a)+i(y-b) =

(x—a)* +(y-b)* =r*|

Another similar form of modulus-based equation also yields a circular locus

|z—a—ib|=k|z—c—id|

lz—a—ib]" =k*|z—c—id[

(x=a)* +(y —b)* =k*(x—c)* +k*(y —d)*

X —2ax+a’ +y* —2by +b* =k (x*

xz(l—k2)+y2(1—k2
a+k’c ., b+kid a’+b’-K*(c? +d)

X*+y2—2x -2 + =
y 1-k? y 1-k? 1 k?

—20x+cz+y2—2dy+d2)

)-2x(a+k’c)-2y(b+k’d)+a’ +b* -k’

(c?+d?)=

a+kic)
o) U

b+kid) _(b+kid) (a+kc) a'+b’- (c +d?)
-k ) 1k 1-K? k?

Z=X+Iiy

2| = \X* +y?

—tan
argz=tan—

e’ =cos@+ising
z=|z]e"
argz=0

The exception is when k = 1, which defines a straight line locus

|z—a-ib|=|z-c—id|

lz—a-ib] =|z—c~id[
(x—a)° +(y-h)* = (x—c)* +(y—-d)
x?—2ax+a’+y*—2by+b° = x> —2cx + 2+ y?
x(2c—-2a)+a*+b’—c*—d*=y(2b-2d)
c-a_ a’+b*-c’-d?
b-d 2b-2d

—2dy +d?

y:

—a . a2+b2_cz_d2
andyintercept —— -~

Straight line with gradient
b—-d 2b-2d

_a+b’ K (cf +d?)

Gircle: cont a+k’c b+k’d i b+k2d a+kic)
Ircle: centre 1—k2 Il 1—k2 raalus 1 kz 1 k2

1-k?

Example: Find the locus defined by |z—2i[<[z+3

z-2if <|z+3
y
X2 +(y—2) <(x+3) +y? 100
X+ y? -4y +4<x*+6x+9+Yy° 8+
0<4y+6x+5 61
4_-
—6x-5
< I
y<—, e | !
s g\ 8 10
-4+

|z-2i|<|z+2]
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Elliptical loci

lz—a—ib|+z—c—id|=k| k>0

i.e. foci of the ellipse are the coordinates (a,b) and (c,d)

A defining property of an ellipse is the direct distance from one

focus, to a point on the ellipse, to the focus is always a constant.

Elliptical geometry
(x=a)" (y-5)

+
a’ b?
a>b

—1 | Cartesian equation i.e. a two-way stretch of a unit circle

Coordinates of foci

Eccentricity |&=,/1-— A circle has zero eccentricity

sincea=b

FZ+ZF =2a

This is a defining property of an ellipse
See below!

I

|

| X
A @ R
X =a—+a?—b? X, =a++a*-b?

Example: Consider the locus defined by ‘Z + \/al2 -b

If the solution is an ellipse centred on (0,0) then X7 +L =1
a

‘”‘/az‘bz +‘Z—«/a2—b2 -2a
N R ST R
D7) +y { \/( _m)eryz]z

2‘+‘z—\/a2—bz =

=2a €<—— Note any ellipse with long axis of symmetry (the “semi-major axis”)
can be described in this way if we shift the origin of the Argand
diagram to the geometric centre of the ellipse.

(x a’—b? —az)2 =a’ ((x—\/a2 -b? )2 + yzj
X’ (a® —b*)+a* —2xa’a’ —b* = az{x2 —2xyJa?—-b® +a?-b*+ yz}
2x2 _b?x? +a* —2xa’a? —b? = a’x? —2xa’a’ -b* +a*

a2b2 — bZXZ +a2y2

—a%’+ azyz

+y? Xy
et

(rea-07)

(ke V) 4 y7 =" [ x—aT0) +y7+ (x-
R N e &

(

(

a —bz)

2x)(2\!’g,1_2)—4a2 = —4a\/(x—m)2 Ly
xJa’—b’ —a 2)2 :az((x—m)z+ yzj

So the locus is indeed an ellipse centred on (0,0)
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Straight line segments Intersection of line segment and circle example

|arg(z -a-ib)= ¢| Find z such that y (x-1)°+(y-1?*=1 Substituting for y
[2-1-i]=1 (x=1? +(y-17 =1
7= X+iy arg(z+i)=% y=x-1 (x=1)%+(x—2)* =1
Cartesian equations of e B (2,1 X =2x+1+ X" —4x+4=1
intersecting loci are: 2% —6Xx+4=0
lz-1-i|=1 X*—3x+2=0
[(x=17 +(y-1)* =1] ) (x-1)(x-2) =0
7 Lx=12
arg(z+i)=2% ~y=01
y=xtanf -1
1
Example: Sketch the locus of the equation
arg(z—2-i)=1ir Hence solutions to ‘Z—l—i‘zl are |z=1 y z-2-3i[=2
arg(z+i)=% 2=2+i L(x=2)2+(x-3)*=4

Circle tangents example
What are the range of values of arg(z—4+2i) suchthat [z—2-3i|=2 2
From diagram ¢ <arg (Z -4+ 2i) L/

min

i.e. range of possible intersections of line segments from (4,-2) with the circle
are bounded by the tangents to the circle.

Pythagoras: OA= ﬁ =29 X
J29sin6 =2 180°~ 20— —tan™s
+0=sin () “fn =180° —25in* (&) - tan* § ~[68.2°

¢max = ¢min + 29
o, =180° —tant$ ~[111.8°
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