Hookean springs If a spring or elastic cord obeys Hooke’s Law, then the Series springs — each stretches the same Parallel springs — load is shared
restoring force experienced is in direct proportion to the amount

it is stretched X beyond its natural length | |
i
F I]: % II

Elastic cord x| K is the spring constant X
or Hookean F=kx= AT A is the elastic modulus
Spring x ﬂu — kl I

| +x X II
$ g kx I+ X When a spring is stretched, the work done X

to achieve this is
Stretch is/

m / W = g Fdx = § kxdx = Lkx? i.e. the area of the 1 half the
$ IO '[0 2 green triangle! g =9.81ms amount in
m . . L this case
g The potential energy in a stretched spring is therefore
2
™
mg | Unstretched

If the spring hangs in equilibrium mg = kX0 =X =—

k
m
The equilibrium displacement from the hanging point of the mass is therefore | + Tg

spring

The total energy of the mass-spring system above is:

. m X m Robert Hooke
E:%nm2+mg(hr]g—l—xj+%kx2=%mx?+mgfig—xj+%k%

1635-1703
Born in Freshwater
Isle of Wight
— 1my? mg 1 |y ? .
E =Zimx"+mg T_X + 1kx X_Z+mg Define a new
) displacement, from Note in this case, Newton’s Second Law
E = mxX —mgx + kXX <— differentiate K=7 the equilibrium can also be used to derive the equation of motion in
with respect position , i a fairly straightforward fashion. In this case it is the
. .. kx to time . kx Hence spring oscillations most efficient method!
E =mx X‘Q*‘F X—-g+—=0 will have period '
, mX = mg — kx
4 +k 2+ 10 2z _k mg
Assume system is lossless = g m kK | T) m X=7+ 2is the displacement from
k equilibrium
#E=0 Jr=_k : m m
NZ= z AT =27, |— smZ=mg-k| z+ g
” kx m k k
=>X-g+—=0
m . o 2 Compare to . k
6=—| 22| 9 Simple Harmonic = “m z
T Motion (SHM)
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Stress and strain Elastic strain energy per unit volume
Unstretched , z
spring e Young’s Al The energy U stored by a
Modulus Stress system undergoing deformation,
Unstretched \ 1222 per unit volume. When the load
lenath 2\ — is removed, strain energy is
9 | Y — o released as the system returns
- ; 2 to its original shape.
Strain |:| o=Ye¢
Cross _—7 [o=Y]
sectional High Young’s Modulus
area i.e. very stiff
Brittle sic N
* Ductile 500 r i \Lemmm:
/ ! ALO,
/ 400 /1
/ ~ : Plastic Steel Metals
force / < i for
o =stress = / S 3004 1 regon stress = 2 o° .
area f I_ —— e —— e —— — — _I Lo ~ 1 area r\hllllllllllll
/ | Material properties ©
.,l' . [72]
| are often described | %200 Elastic 1
I by a curve of | B FaolGh 1 Low Young's
: stress vs strain : 9 " . Modulus
____________ 1()() Plastic 1 Polyvmers |e e|aStIC or
I Rubber S i . s
1 stretchy
0 l | | ! | strain — __xtension
extension 0 0.02 0.04 0.06 0.08 0.10 original length
& =strain = original length Strain, ¢ (mm/mm)
sShileessse; fsessiiléoney fouseussills [asssssssesns
For small strains we often have a
linear, elastic region. i.e. force is = = = =
proportional to extension or
stress/strain is a constant. The
constant s called the Young’s § § - E § § - § g - § § § -
Modulus o . . ) o )
A slip in a material can be described by the movement of a dislocation in the atomic structure.

Mathematics topic handout — Mechanics. Hookean springs & elasticity Dr Andrew French. www.eclecticon.info PAGE 2


http://www.eclecticon.info/

Poisson’s ratio Young’s

Modulus
Stress
\ / For isotropic materials

_ transversestrainchange = AL’
axial strain change AL

™| Q

i.e. most materials will shrink
transversely as they are stretched.
This is a positive Poisson ratio.

Strain

Shear modulus Speed of sound in elastic solids

K+4G Y(1-v)
C,= = Pressure (P) waves

_shearstress _ FlI |
shearstrain  AAX

P pA+v)(1-2v)
G
) C.=,|— Shear (S) waves
Note fluids and gases flow rather than shear. Yol
. e e e -y '|
So a fluid or gas will have a shear modulus of zero. : Note speed of |
| sound in air is :
l about 330mstand |
Bulk modulus | 1480mstinwater |
Typical elastic moduli for materials y T T~ -
(assumed to be isotropic) K= M used where data unavailable

—E2 (T
dv dp

Young’s Poisson Shear Bulk Density p Speed* of
modulus Y ratio v modulus G modulus K /kgm-3 sound Cp
This is the compressibility of /GPa /GPa /GPa /ms?

a material i.e. the ratio of a change in

pressure P applied to the consequential iUl — D 1 o e

fractional change in volume V Steel 200 0.3 79.3 160 7800 5,840

Copper 117 0.33 44.7 123 8960 4,510

For isotropic mater.ials (i.e. movemgnt iq any direction Plastic 0.5-3 0.3-05 0.1 2.9 930 1,810
is the same, there is no particular direction where

the material is weaker or stronger or more stretchy..) Concrete 30 0.1-0.2 21 14.3 2400 4,200

Y Diamond 1050-1210 0.07 478 443 3510 17,540
" 3(1-2v) Wood 11 0.2-0.7 13 36.7 600-900 8,490
Glass 50-90 0.18-0.3 26.2 35-55 2500 5,560
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