Projectiles are typically modelled as point masses (i.e. ‘particles’) falling under gravity. In other words, internal motion and rotation is ignored and only the centre of
mass of the projectile is considered. Air resistance is often ignored to enable analysis to proceed without a computer. Note this assumption may be significantly invalid
for many real projectiles! Hence this system reduces to a two dimensional kinematics problem, where acceleration is constant.

Let the coordinates of the projectile be (X,y) on a Cartesian grid. Let the initial velocity be U at an elevation of & and let the projectile be launched from (0,h)
Since acceleration is constant:

V,=ucosf «— |
v, =using - gt

Vi =u’sin®0-2g(y—h)
X =utcosé

y =h+utsing -1 gt?

|—— Note this means the X direction
velocity is always constant
throughout the motion!

v, PROJECTILE: u=500ms”
V= 91=22.2 ,T1=4.35. v1=51.9ms'
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We can therefore combine these equations to find various properties of the projectile’s trajectory

X =utcosé 1
———=1+tan’0
AP X cos” 6
| ucosd /
. —h+xtang— g (1+ taVI‘TZ 9)X2 i.e. a projectile trajectory is an
1Y= 22 inverted parabola

If the projectile is required to pass through (or collide with!) a particular coordinate (X,Y), we can
solve the quadratic trajectory equation to determine the elevation angle, given speed U is known.
This calculation relates to models of all ball sports, gunnery (ballistics) etc.

Y =h+Xtand - gz
2u

atan’d+btand+c=0

(1+tan*@)X?

a=i2x2
2u
b=-X
gXx*
c=Y-h+>—
2u
0 = tan —b++/b?—4ac
2a

Note multiple solutions are possible,
depending on the sign of the
discriminant b? —4ac

Elevation angles which give
rise to a zero discriminant
define the bounding parabola
for the projectile (see next
page).

The apogee of the trajectory is when v, = 0

. u
v,=usind-gt .. v, =0t =

y a =

sin@

2
y,=h +Lsinzg

v; =u’sin’0-2g(y—-h) .. v,=0= 2

2

u .

X, =ut,cos@ ..|x, =-—singcose
9

The speed Vv of the projectile is:

v=1fvf+vj

v=\ju2 cos’ @ +u?sin’ 0 -2g(y-Y,)

Compute angle of
velocity using:

v=LJu? ~2g(y-,)
)
p=tan'| L
V)(
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Possible values for U and the bounding parabola

Y =h+ X tan

atan’@+btand+c=0 Trajectory equation

a:izx2
2u
b=-X
2
c=Y-h+ gX2
2u

—b++/b’ —4ac ]

0= tanl( -
2a

For real values of &: b?

—4ac>0

Without loss of generality, set a coordinate system

such that h=0 i.e.vary the target coordinates X,Y
instead, by shifting the origin

X? —4(—“2](—\( —gxzjzo
2u® 2u?
2uX? - 2gX* (2Yu’ + gX ) =
u—2ygu’-g?’x?*=0
(u?-Yg) -Y?g® —g?X? 20
u2>Yg+gyXi+yY?
u’<Yg- gm <—__ Non physical, since u is real

and positive
TN N

The minimum u parabola is defined by the
trajectory corresponding to the minimum
velocity required to generate a projectile
trajectory which intersects with (X,Y).

g+ JXT7)

atan’@+btand+c=0

a=%x2, b=-X, c
2u

b?>—-4ac=0
0= tanl(_—bj
2a
6=tan" gX
T2y
UZ

0= tanl(—]
gX

=y +-2 x2
2u

9 —ans] YKV J

X

Y +4X2+Y?2

X

stand =

y= xtan<9—i2(1+tanZ
2u

. . PROJECTILE: u = 100.0ms™'
Tr'aj.ectory equation for 9 =35 83- =90s. V =89 7ms
minimum U parabola
9 =61.3° T =16.7s. v =89.7ms™
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freEy

y=x Y+UX2+Y2 ) y
X ( \/x +Y? ) X?
y=x Y+UX2+Y2 ) XZ4Y242Y X24+Y 2+ X2 +Y? ¥
X ( \/x +Y? X*
y=x Y +X2+Y?2 X2 +Y? +Y X2 +Y? "
X Y+Jx +Y?
yox Y+X24Y? | YXP4Y? Jx +Y Y |
X Y X AY?
Y +\/X2 +Y? \/x +Y? ) minimum u parabola. Only one value of
y=X - 2 X“| @ is possible, since the trajectory equation
X X discriminant is zero.

The bounding parabola

is slightly different — this bounds
the possible set of trajectories
given a value of u

y= xtanH——(1+tan 0)x*

2u’y = 2u2xtan 6—gx*—gx’tan’ @

gx’tan® @ —2u’xtan @+ 2u°y + gx>* =0
For positive discriminant
4u'x® —4gx* (2u'y + gx*) 20
4
v 2u’y +gx*

y<d 9
29 2u?

2

Bounding parabola

2
o 8 e

29 2u’
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The maximum range problem

$g
(x,y)

R

Given a fixed projectile launch speed
what angle maximises range?

X =utcosé
y =utsind-1gt’

x=R,y=0
~.0=t(using—1gt)
t>0=usind-1gt=0

i 2usind
g
R=utcos@d
2
~R =2Lsin ¢cosé
g
2
R =u—sin 20
9
Hence maximum range is:
2
R =1, =45
g

Let us now extend the problem to a starting
height which is not at ground level

X =utcosé
y=utsind-1gt’ +h

x=R,y=0
~.0=utsind—-1gt*+h
tz—ﬁsine—z—hzo

g g
(t_usinejz_uzsinze_Zgh_o

g 9° 9°

usin@ u |. 2gh  positive
t= +— sng_,_iz root since

9 9 t>0
R =utcosd

2
R =u—(sin @cosd +coso fsin2 9+2_gth
g u

To maximize R we need to find @ such that

i(@jzo
do\ v?

R 2gh

For brevity define |a = v
2gh  mgh GPE

Note: a= = =
o u> imu*  KE

;—g(sinecoseJrcos@\/sinz0+a)=0
3cosé
Ginto+a

sin@cos” @
Jsin 0+ a
\sin® 6+ (1-2sin 6) =sin 6 (sin’ 0 + &) —sin 6 (1-sin” 0)
m: 25in36’+(0_z;1)sin9
1-2sin° 6
_ 4sin® 0+ 4(a -1)sin* 0+ (a —1)*sin’ @
- 1—4sin? 6 +4sin* 6
(1—4sin? 6+ 4sin* 0)(sin® 6 +a ) = 4sin® 0 + 4(a ~1)sin* 0 + (@ —1)’sin* 0

sin@(—sin@)+cos@(coso)+ (2sin@cos@)—sin@sin’ G +a =0
—sin?@ +cos® @ =sinf/sin*f +a —

cos’#=1-sin*@

sin0+«a

sin @+ a —4sin® @ —4asin® 6 + 4sin® 0 + 4asin® 6 =
4sin® @+ 4asin® @ —4sin® 6 + (a —1)*sin®
a+(1-4a)sin® 0= (a—-1)°sin’ @ R—?zsinecos¢9+c050\/sin29+a
u
_ 2 _ 52
0!—(05 20 +1 1+4(Z)S|n o E_ 1 \/1-}-& +\/1+a\/ 1 "
a=(a2+2a)sin20 v 2+a\2+a 2+a\2+«a

1 =sin’ @

E_\/1+a+ l+a [1+2a+a?
a+2 u> 2+« \}2+a\} 2+a

. 1
sin@ = Ry Vl+a l+a [1.
N2+a W 2+a " 2+« (L+a)

cosf =, J1--1 / f
2+ @: 1+a(1+1+a): 1+ a

(2+a)

l+a u? 2+a 2+a
cosd = Rg
2+a R e
The range maximizing angle 5
is therefore: )
YA R=L 1290 siné’z;z
0 =sin 9 u g
(“\/2"‘@) 2+ uz
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Rg/u®

Given the maximum range problem
involves two parameters, to visualize
possible solutions we need to plot

a surface graph.

In the example plots,
colour is used to indicate
the height of the surface.

In all examples g =9.81ms™

uZ

Rg SinOcos @ + cosOsin® O + a

3.5

a=10

0 20 40 60
theta /deg

max range /m launch elevation /degrees

130
L 1150
125
E
< 120
L 4100

u/ms™ u/ms”

Rg/u?

This graph
demonstrates

that range has a
maximum value
as the launch
elevation is varied.

%

h/m

The angle which results in the
maximum range is given by
1

«/2+a

singd =

20

u/ms™
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An elegant solution to the maximum range problem

There is an alternative, more geometric, method that arrives at the solution
to the maximum range problem without so much trigonometric horror!

The velocity at maximum u
range R is given by the vector ;
equation: 9

‘

R\Q(/ﬁ The area A of the vector triangle can be computed
v in two different ways:

A=3uvsing
A=1gtxucosd
-.uvsing = gutcosé

Since the projectile moves at constant speed horizontally:
By conservation of energy: mgh +3mu® =imv? Jv= «/ZQh +u?

Hence: uvsing = gutcosd :>£sin¢~/2gh +u* =R
g

2
R=L 4 Zgzh sing
g u

The largest R possible corresponds to sing =1=|¢ =90°

u’ 2
rR=L f1+2
g u
4 At maximum range the velocity triangle is right angled, so using

Pythagoras’ theorem we can calculate the time of flight
gt corresponding to the maximum range

v gt? =u*+v? . git° =u’+2gh+u?
Je=Y 2+@
g u

We can use this result, combined with the expression for R, to find the
required elevation angle to result in maximum range.

R =utcosé@

2
L f1+ 292h —u 2+ Zgzh cosd
9 u 9 u

1+ Zgz
u
.00 = t——r—

sin?@ =1-cos’ @
1+ 29

2

ssinfg=1-—H
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Example 1. A projectile is fired from a canon.

The elevation is 45° and the muzzle velocity is 100ms1 .

Assuming the projectile is fired on level ground from (0,0), calculate
(i) the apogee coordinates; (ii) the ground range; (iii) time of flight.
Assume air resistance is ignorable and set g = 9.81ms

The relevant equations are:

Example 2: In the 2003 Rugby Union World Cup final, Jonny Wilkinson scored the
winning drop goal for England. If he struck the ball from ground level at an angle of
thirty degrees, what velocity must he have kicked the ball, given he cleared

the goals (height 3m) from a range of 25m? Ignore air resistance and set g = 9.81ms=

g 2 2
y=xtané - 20 (1+tan® &) Projectile trajectory ;1% om, v0 = 18.9ms™", elev = 30deg
max

344m h__ =45516m
max

uZsin? @ g(1+tan’® )x’ impact velocity = 18.9ms™", impact angle = 30deg
— - 5 T T T T T
a” 2(xtan@ -y
29 ( ) 45| |
« - u?sin@cosd ie. x=x_,y=0 9.81x (1+1)x 25 Al ]
2 2% _
g / 2 ( N 3) 350 |
0=x,,, tan0— -2 (L+tan? O)x2, -.u>{18.9ms? ;
2u
., _ 2utang _ 2u’singcosd |u’sin20 a5t -
T g(1+tan?6) 9 g ol ]
t — Xmax 1.5+ .
ucoséd
Projectile trajecto;y ho = Om, v0 = 100ms ™", elev = 45deg T |
9368m h ax‘25484m 0.5L |
Hence: impact velocity = 100ms™ , impact angle = 45deg V
i 1 300 T T T T T 00 5 10 15
ya = % = 254.8m
2x9. 81 250r ]
100° x L x L
V2 |
Xa Tz— 5097m 200k B
1002
=/1019.4m £ i ]
™ 9,81 =150
X
t=—"_=[144s
100+ 8
100 x %
50+ B
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