Proof of Hero’s Formula*

for the area of a triangle a c
area A4
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| h 4 \/S(s a)(S b)(s c) Hero of Alexandria
| s=i(a+b+c) 10-70 AD
b b—x
Define semi-perimeter s
a=x"+n Pythagoras’ Theorem

=(b-x)+n
sl —-at=b=2bx+ X"+ R - -0

n—at=b"-2bx

oo a+b’-¢c
2b
al=x+n
h=d —7(612 b _CZ)Z
4b’
o 4a’b’ —(az +b’ —cz)2
4b
N R e
4b
e (2ab+a2 +b’ —cz)(2ab—a2 -b +c2)
4b’
o ((a+b)2 —cz)(c2 —(a—b)z)
A’
o (a+b+c)(a+b—c)(c+a—b)(c—a+b)
4b’

Difference of two squares again!

2s=a+b+c

e 2s(2s—2¢)(25—2b)(25s —2a)
T 4p*
= 4s(s—a)(s=b)(s—c)

b2

Area of triangle A4 is:
A=1bh= bR’

A4 :\/S(s—a)(s—b)(s—c)

Triangle area basics

———

~ 7 7 771 Areaisclearly:
|
| Az;xh+%(b—x)h

'
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b X

The triangle area formula “half base
x perpendicular height” works in general since

A=1(b+x)h—4xh=|:bh=1absin@

Area of a segment

A= Eizrz —12rsin@ xrcos@
2

Angle @in radians
wrradians =180°

A=r'0—-r*sinfcosb

ksin2A4

~
~ ~
~
~

ksinA ksinA

Double . .
. Area of an isosceles triangle can
angle sine . -
N ! be calculated in two ways:
identity
Lhkxksin24=2x1ksin AxkcosA
.'.|sin 24 =2sin Acos Al
2rsin @
A A=nx%2rsin@xrcosf
: A=1nr’2sinfcos O
| .
- | rcos O A=1nr’sin20
|
. (27
lg A=1nr’sin| ==
| n
A\

pid
Radius of inscribed circle is: 7' = 7cos @ ={rcos j

n
20n=27r Areaofa
regular ) e
_r polygon of n Side length of polygon is: @ =2rsinf =2r sm(
n sides n
. a
Hence:  A=1nr’2sinfcos®; r=—
2sin 6
2
. — 1 . _h 2 T
S A=3n———2sinfcos@ =f;na’ cot| —
4sin” 0 n
Example: area of a regular hexagon is: » 1 cosé
cotfd=——=
tand sin@

A=16/ sin(zzj =3r’sin(%) =

33,
—7

2

*also known as Heron’s Formula
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(5.5), (15,2), (10,20)
Circumcicle: Xc=1 2.2, Yc=1 0.9, R=9.35

Incircle: xc=9.68, yc=10.9, r=3.67
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Since the inscribed circle is tangent
to the sides of the triangle,
the triangle area is

1 1 L 1
5ar+5br+50r—5r(a+b+c)

Using Hero’s formula:

rs =+/s(s—a)(s—b)(s—c)

|- [G=a6=ps=0
N

Radius of inscribed circle in terms
of the length of the triangle edges.

Inscribing a triangle with a circle — the ‘incircle’

Inputs: 04,0B,0C

Triangle incircle has a centre OZ at the intersections of the angle bisectors
defined by the lines:

OA+AAY and OC+ uCX i.e OA+AA4Y =0C+ uCxX

S Using angle —/\
AY =-04+0C+3:-CB 4+~ bisector theorem & _ 56+ G+ - 4B
J— - . . - a+h

- 5 (- S N
AY =-04+0C +3(-OC+0B) CX = ~OC + 04 + -0/ + OB)
AY =-04+0C(1-55) +7:0B CX =-0C +0A(1-£;) + £ OB
AY =—0A++-0C ++- OB

CX =-0C +-4 04 +-t-OB

a+b

Angle bisector theorem

Hence:  04+44Y =0C +uCX P
a+i{—@+#@+ﬁﬁ}=&'+y{—@+a"q07+ﬁ(ﬁ}
OA(1- 2= p5%) + OB Az — 5 )+ OC (A5~ 1+ ) =0 Area of triangle CDB X/ =+ ad sin @
d=A-pgs=0  cAdi-uts=0  cAg-1+u=0 Area of triangle CAD 3 yh =3bd sin@
Ny EaCa
z:yl”; 07 =0C + uCX 7%
a+
a+b
:l_ﬂlﬂ.czﬂ a ﬂ=a+b+c -~ * _ x/y _ a/b
ath atb T OGOt OF x+y x/y+l alb+1
=a+b=pu(a+b+c) =UCH Oty X _a
a+b 07 -0C+-4*h {—@+ﬁa+ﬁ@} x+y a+b
= a+b+c
a+b+c . . o
10Z =—4—OA+—2-0B+0C(1--%L)
oz =w Vector equation for centre of inscribed circle in terms of
a+b+c position vectors of triangle vertices.
a 4
area 4
b

A=\s(s—a)(s=b)(s—c)

s=%(a+b+c)

Hero of Alexandria
10-70 AD

*also known as Heron’s Formula
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To compute the centre and radius of a circumcircle around a triangle define by the vertices O—A,ﬁ,% one can compute the intersection of the perpendicular bisectors of two of the edges. This will yield
the centre of the circumcircle. From this point, calculate the distance to one of the vertices, and you have the radius of the circumcircle.

However, a perhaps more mathematically straightforward recipe is simply to use Pythagoras’ theorem and solve directly for the centre and radius, using the (x,y) coordinates of the vertices.

(5.5), (15,2), (10,20)

Circumcicle: X =12.2, Y_=10.9, R=9.35 (@-a) +(f-b) =R =a*-2aa+a* + > ~2bf+b* =R* (1)
Incircle: x =9.68, y =10.9, r=3.67 ) 5 ) ) 5 ) 5 5
25 . . \ . (a—c) +(B-d) =R*=a’-2ca+c’+p*-2dp+d* =R’ (2)
(a—e) +(B—f) =R = a’2ea++ [ ~2ff+[ =R (3)
2or | 2ac+2co+a’ —c* —2bf+2dB+b*—d> =0 -2
_B(2d-2b)+d’+’ b -d’
B 2¢—-2a
15+ .
> 2aa+2ea+a*—e -2bB+2fB+b*— =0 -G
ok | _B(2f-2b)+ [P+’ b’ —a’
B 2e—-2a
ol | CB(2d-2b)+d*+* b —-a®  B(2f-2b)+ [P+ -b’-d
a 2¢—2a B 2e—2a ) )
. ﬂ d—b_f—b _f2+e2—b2—a2_d2+cz—b2—a2 Equatlng expressions for a
"Tle-a e-a 2e—2a 2¢—2a
0
00 25
X f2+ez—bz—az_d2+c2—b2—a2
L B= 2e—2a 2c—2a
h a-b_f-b

c—-a e—a
ﬁ(2d—2b)-|—d2 +c*-b-a’
2c=2a Centre (o, /) and radius R of the

P AT A circumcircle of a triangle defined by vertices
SR \/(0‘ a) +(B-b) (a,b), (c.d) and (e,f).

Sa=
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— — 400 o — p=0
triangle area = 0.885, o = 83°, p = 28.7° Green — Median lines meet at the centroid Y a=1a=42"p=67
This is the location of the centre of mass of

a uniform triangular lamina.

i Euler’s theorem in
Area of a triangle geometry states that
given radius r of

. X | ] the distance d
circumscribed (XC,] _ (361 cos @ + 3bj

. between the
circle and angles ¢, V., circumcentre and the

incentre is:

d =R(R-27r)

Ltasin@

Red — The inscribed circle or radius .
The incentre is the intersection of angle
bisectors of the elevated sides from the base

Circle, radius r

y,=xtan;0; y,=-xtanj@+btanig
Sox tantf =—x,tani g+ btani ¢
btanig b
tan; @ +tani ¢ | The inscribed circle is tangential to the
“Arrowhead” _ btaniftanig | base, so the radius is: - . .
circle theorem " tani@+tanig btani@tanig Circumscribed triangle
= of radius R

=

tani@+tanig

Area of triangle is:

Blue — The circumcentre of the triangle is the intersection
of perpendicular bisectors of the sides of the triangle

. 2rsiny sin x=3b y=- x+c
ysinf tan@ From analysis on the left
\ hand side of this page, the
- lgsing=— 1 lacosf+c radius of the circumcircle is
w2 ’ tan@ given by:
rcosy 2 .
.'.%asin9+§ac?s: 2Rsin(180° 0 —¢)=b
sin
Hence: ) cos’ 0 Rsin(0+¢)=1b
. ) . Ly=- x+1tasinf+1ia— ;
A=12rsinax2rsinysing tan sin6 _ 3b
. . . 2 1
A=2r"sinasin Bsiny i - 1 Lhtlasing+iaS 0 sin(6+¢)
sin;/:sin(180°—a—,b’):sin(a+ﬂ) tan 0 sin &
.'|A =27 sinasin Bsin(a + B) |

“rcospf

The input parameters for this situation are most naturally b, and ¢
Therefore using the sine rule:

_ bsing
~sin(6+¢)

~sin(0+¢)

bsin@

The top vertex of the triangle
has coordinates

acos@
asin@
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y a=1,a=42° p=67°

Euler’s theorem in
geometry states that
the distance d
between the
circumcentre and the
incentre is:

d=JR(R-2r)

Intersecting chords circle theorem

(R—d)(R+d)=xy

Leonhard Euler
1707-1783

Circumscribed triangle
of radius R

Incentre

_ btanj¢
" tanl@+tanl¢

y,=x,tan$ 6
r=Y

a=180°—(180° —y — 1¢)

Circumcentre

2R _x

Y R PR

-
x,=13b a=p Similar triangles
v =—— ibitasing+ a0 N 0=180° -2y —¢  Blacktriangle OAB
- t@nd sind 2 180° =6+ f+a  Triangle from incentre DCB
_ —bcos@+asin’ @ +acos’ 6 Isosceles triangle riangle from Iincentre
Yee = 2sind ~.180° = (180° =2y —¢)+ B+«
—bcosl . =
ym=w Hence: L2ytp-a=p
2siné 2 AR |
(R—d)(R+d)=xz=2Rr y+=(r+14)=F <—— a=y+1¢
1
R:.L ~ R —d*=2Rr r+ti9=p
sin(6+¢)

Ad=R(R-2r)
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