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Abstract

This document describes a mathematical model of gravitational attraction sufficient to construct a dynamic
computer simulation of interacting astronomical bodies. Exact results for a two-body system are derived, including
Kepler’s Laws. These solutions will form the inputs to a multi-body system comprised of pairs of point masses
in elliptical orbits plus rings and clusters of essentially massless objects. The planes of orbit for both masses and
rings can be specified in any orientation. A recipe for achieving the associated coordinate rotation (via Rodrigues’
formula) is defined and derived.
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Figure 1: Screen shot from the MATLAB simulation gravity_sim, written by the author. In this scenario, two suns
in the mass ratio 1:2 are set to orbit about each other in an elliptical fashion with eccentricity € = 0.2. Initially
circular rings of massless planetlets are set up about the masses. The plane of rotation of the rings are 90 degrees
apart. gravity_sim enables dynamic changes resulting from key presses. The first mass can be changed by pressing
the 'm’ or 'n’ buttons, and its position via the arrow keys or mouse.
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Figure 2: gravity_sim screenshot illustrating a 3D visualization of the solar system. Timescales are years and all
distances are in Astronomical units (AU). The x,y plane is the ecliptic i.e. the orbital plane of the Sun and Earth.



0.1 Multi-body equation of motion

0.2 Definition of quantities

Define the following properties:

m; Mass of i*! object in units of solar masses Mg = 1.99 x 1030 kg

t Time in Earth years since the start of the simulation. 1 Yr = 3.1536 x 107 s

r;  Displacement of i*" object from origin of coordinate system in
Astronomical Units AU. 1 AU = 1.496 x 10'' m
A Cartesian coordinate system (with a right handed set of orthonormal
basis vectors {X, ¥, 2z} shall be used so r; = ;X + y; ¥ + 22

v;  Velocity of i'™ object. v; = v, % + vy + 012

R; Radius in solar radii of the i*" object. Rs = 6.960 x 108 m

0.3 Defining the equation of motion

We shall adopt the following equation of motion, based on a classical usage of Newton’s Second Law, for all objects.
A typical simulation will consist of massive objects and essentially massless objects. The gravitational interactions
between essentially massless objects shall be ignored. They will typically form the large majority of objects and will
be used as markers to illustrate the dynamic effect of the gravitational field resulting from the massive objects. An
inverse law of universal gravitation shall be used, coupled with a repulsion term to model collisions. The strength of
the latter shall be proportional to the object radius.
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Where A and B are constants.

Note P = 2 and B = 0 correspond to Newton’s Law of Gravitation. In this case A = the universal gravitational
constant G = 6.67 x 10~ 11 rngkg‘ls-Q

0.4 Scaling to make all variables dimensionless

All the quantities in the simulation shall be defined in dimensionless terms, i.e. as pure numbers. Hence:
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where pure numbers A and © are defined

Let the repulsive scaling constant B also be defined via a new dimensionless quantity x = G

X

Hence

which means
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So in summary
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Note the simulation could be adapted for a planetary or indeed galactic scale by a redefinition of the mass, length

and time scalings. In general if these are M, L and T (defined in kg, metres and seconds)

For the Milky Way'

Let the time scaling be the time for one rotation 7' = 100 x 106 Yr = 3.2 x 10*® s

Let the length scaling be the mean radius

Let the mass scaling be the approximate mass of the milky way M = 6 x 10*? kg

Hence if P = 2, and if in this case A = G

AMT?

A=—p7

L=48x10"m

=6.67 x 107! m3kg's?

A=~ 37

(12)

(13)

Therefore we should expect the large scale structure of a galactic scale simulation to look similar to a star-based
simulation with rings of planetlets. A milky way solution should be held together slightly more loosesly given A is a

bit lower than the solar system value.

! From Wolfram Alpha 13/4/2013



0.5 Numerical solver for equation of motion

The second-order Verlet Algorithm (essentially constant acceleration motion between time steps) shall be used to solve
the equation of motion. A time-step of At = 0.01 shall be used.

mj (vj(tn) —ri(tn)) A mj (v (tn) — ri(tn))
(tn) = A - =Y R, 14
wultn) ; rj(t,) —ri(ta)) 7T X ; |rj(tn) — 1) 9T (14)
ti(tn1) = Tiltnpr) +vi(ta) At + La,(t,) (A1)
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1 A two body system

1.1

Dynamics of a two body system: a model

In summary, the following recipe describes the dynamics of a two body system interacting via Newtonian gravitation.
This is in a form which could be implemented in a computer program which could be used to animate a two body
system and generate graphs of various physical quantities. Derivations of the equations involved are given in subsequent
sections.

Inputs

1.
2.

The masses m; and mo
The gravitational force constant G

Mass separation s along semi-major axis of elliptical orbit

s
Orbit eccentricity € such that 0 < e < 1. Note semi-major axis of ellipse a = s
€
Initial position vector of centre of mass of system hg relative to a fixed Cartesian coordinate system {X, Y, Z}
Velocity of centre of mass h (which is a constant of the motion)
Initial orbital phase angle 6 of elliptical orbit

Cartesian basis {X,¥,2}, with origin h. The orbit will confined to the {%, ¥} plane. Note this basis set is time
invariant, but the origin of the basis set could translate uniformly if h # 0.

The {X,¥} orbital plane will be defined in terms of a 3D rotation of the % axis to align with a defined direction
vector d = d, X 4 d,Y + dyZ , followed by an anti-clockwise roll about this vector of angle «

Rotation of orbital plane

g = k(X,a,d,o,X) (15)
y = k(Y,a,d,o,X) (16)
5 = k(Z,a,d,O,X) (17)

Where r =k (r, 0,d,h, B) describes the transformation of vector r in the following steps:

1.

.~ d
Q = b+-—
|d|
v = f(r,h,Qm)
r o= f (r',h,d,r)
rm = f <r”,h,d,a>

Rodrigues’ rotation formula is

_ _ 3. 1

f(r,a,wd) =a(l —cosf)+rcosf+ w |(r| a) sin @ + (rw-a |w|)2( cos 9) (18)

w

Initial conditions
a(l—e?) ..

wo Thccosty (X cosfy + §sinby) (19)
fg = cosbfyX+sinfyy (20)
0y = —sinfox+cos Ooy (21)

. G (my + ma) esinfg . 4
= — (1 0 _— (7] 22
wo a(l—g?2) (1 & cos o) 1+6cos90r+ (22)



Constant angular momentum and energy

myms

_— : 23
! my + ma o X wo (23)
J = j+(mi+ma)hyxh (24)
.12
EF = % (m1 —|-m2) ‘h’ - Gmama (25)
2a
Orbital period
472
P= 3 26
G (m1 + mg) ( )
Dynamics at subsequent polar angles 6
3(1 — g2 3 0 ’
. a3 (1 —¢?) / de i (27)
G (m1 +mz2) Jo, (1+ecost)
(28)
h = ho+ht (29)
a(l—¢e?) .
e (Xcosf + gsinb) (30)
- poMeW
no=h mi1 + mo (31)
r, = ht—2% (32)
mq + mao
F = cosfX+sindy (33)
0 — sin 0%+ cos 0y (34)
. G (m1 + mo) esinf | 4
= — (1 )| ————¢+6 35
W a(l—g2) (1 ¢ cosf) 1+6cos9r+ (35)
. G (m1 + mg)
0 = (1+ecosh)?,|—>——2 36
( T (36)
f = h-—22% (37)
mi1 + ms
fy = ht—2Y (38)
mi + mo

Note G = 6.67 x 101! m3kg's? can be expressed in the natural units of a solar system simumation, i.e. in terms
of solar masses M, = 1.99 x 10%Y kg, Earth years (1 Yr = 3.1536 x 107 s) and Astronomical units.

My = 1.99 x 103%kg (39)
IYr = 3.1536 x 107s (40)
1AU = 1.496 x 10''m (41)
Hence

G = 6.67x10 1 m’kg's? (42)

AU 8 M, -t Yr -2
= 6.67x107" Q 43
% <1.496 X 1011> <1.99 X 1030> <3.1536 X 107) (43)
= 3943 AU’ MV ? (44)



m1=1,m2=2s=4,ecc=0.7, period = 2.0851, G = 39.43
thetaO = 0.7854, h0=1[0 0 0], hdot=1[0 0 1],d=[0 1 0], alpha = 0.10472
J=[0.83025-7.4015e-016  7.8993],E =-17.715

. o %

Figure 3: Model of an inclined elliptical orbit. Each graph shows a different viewpont of the same cirve. The centre of
mass h is allowed to move with velocity hie h=hg+th. Although the motion looks complicated, suitable rotation
of the viewpoint reveals the elliptical trace of the separation vector between the two masses in an inverse-square

gravitational embrace.



m1=1,m2=2s=4, ecc=0.7, period = 2.0851, G =39.43
theta0 = 0.7854, h0=[0 0 0], hdot=[0 0 1],d=[0 1 0], alpha =0.10472
J =[0.83025 -7.4015e-016  7.8993], E =-17.715
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1.2 Equations of motion

Consider two masses m; and mo which attract each other with a gravitational force. At time ¢ = 0 the masses have
respective initial velocities u; and us. The positions of the masses are described by vectors r; and re. Newton’s
second law states:

du Gmims (rog — 1
m1—1 _ 1 2(23 1) (45)
dt |I‘2 —I‘1|
dus Gmims (ra —11)
mo—— = — 3
dt |I‘2 7r1|

or, using 4 = 4L =,

G _
o= Omalr-n) (46)
vy — 1]
. Gmq (rg —rq)
rp = ——/—— 3
|r2 — 11

1.3 Define position vectors relative to overall centre of mass

To analyse the subsequent motion of the masses for £ > 0 let us redefine the position vectors in terms of the centre of

mass of the system h
_ Ty + Maly (47)
m1 + me

and the difference between the position vectors

W =19 — I (48)

Hence

h — miry -+ meors (49)
mi + mo
miry + mo (W +1r1)

mi1 + mo
mMow

mi + me

= r1—|—

Therefore

mow

r = h— (50)

mi + mo
Similarly

miry + Mala
mi + mo
my (rg — w) + mars

mi + me
miw

= ro — ——
mi + me

Therefore
miw

ry = hp—W
mi + mo

1.4 Acceleration of the centre of mass position is zero

Double differentiating the centre of mass vector h with respect to time yields, using 46

i'l . mli‘l + mgi:g

mi + mo
my Gma(ra—ry) m Gmy(ra—ry)
_ lra—r1|® ra—r1[?
mi + mo

10



Therefore if the forces upon the masses are as described, the acceleration of the centre of mass of the system is
zero. This means the centre of mass of the system can move at constant velocity h, which of course could be zero.

1-1 _miuy + maous
mi + Mo

(53)

We can re-write 46 using our new definitions of position in terms of the centre of mass position h and the difference

between the mass positions w

. - MW Gmow

¥ = h— = S
my + My |w|

. - miw Gmiw

s = h+ 1 = — 13
my + My |w|

Hence our coupled system of differential equations become just one, in w

. GM
w = W
|w|
where
M = mi + mo

1.5 Angular momentum

The angular momentum of the two mass system is

J = miry X I"l + maro X f‘g

The rate of change of angular momentum is (assuming masses m; and my are time invariant)

. d ) d .
J = mla(rlxr1)+mza(r2xr2)

= ma (1'1 X 11 + 1 ><I"1)+m2(r2 X ¥o + I'y XI"Q)

= myri X 'I.'l + maorg X i:Q

Since for any vector k

kxk=0
Now recall
f = Gma (ro *31‘1)
ra — 11
i ~ Gmy (r2 —31‘1)
[ro — 1y
Hence
5o e Cmaor) L G m)
[ro — 1] [ro — 1]
— (r1—12) X Gmimg (1o g ry)
Iro — 11
C (rp—r1) % Gmims (ra —ry)

Ity — 1y
=0

(54)

(55)

(56)

(59)

So for a two body system interacting with Newton’s inverse-square law of gravity, the total angular momentum J

is a constant of the motion. i.e. there is no torque on the system.

J = miry X I"l “+ Molrs X I"2

= MiT1t=0 X U1 + Mal2 =0 X U2

11



1.6 Using the angular momentum to define the plane of motion for the system

Let us write J in terms of the centre of mass of the system h :%ﬁ and the mass separation vector w = ro —ry

mMoWwW

=h-——— 64
1 mi + me ( )
ry = ht—2% (65)
m1 + me
Therefore
J = myr; X1+ mserg X 1o (66)
= myr; X B*M + maora X h+ﬂ (67)
my + mo my + my
. mMiMoW
— h - 1=
(myry +mors) X h+ (ro — 1) X s
J=(m +m2)hxf1—|—wav'v
mi + me
Since h is a constant we can write .
h =h +ht (68)
Therefore . ) . )
hxh:<h0—|—ht>xh:h0xh (69)

Hence the (mq +mg)h x h term is a constant, i.e. time invariant vector. Let us make use of this fact by defining
an alternative (and still constant) angular momentum j

j:J—(m1 —|—m2)h0><1:1 (70)
Therefore mam
j=— 2 wxw (71)
mi + mo

The fact that j is a constant means that vectors w and W must occupy the same plane throughout the motion.

Also, j = ﬁﬁ;w X W implies j is perpendicular to both w and w. We can therefore choose a plane where spherical
polar angle ¢ = 7 at all times without loss of generality. Plane polar coordinates will be sufficient to describe the

motion fully. The plane, characterized by Cartesian basis vectors {X,¥,2z} will be defined as

N Wo=0
= 72
X ool (72)
§ o= axg=a x =0
dl - [woe=ol
s
7z =

dl
Wwy—o is the mass separation vector when the plane polar angle is zero. We will see later that this will correspond
to the semi-major axis of an elliptical orbit, if indeed the orbit is bound.

Wo = T2 t=0 —T1,t=0 (73)
1.7 Describing orbits within the plane of motion

1.7.1 General considerations using spherical polars

w can now be described using plane polars, where 0 is measured anti-clockwise from the % axis. For completeness (and
possible utility in future analyses where j may not be constant) we will leave in the ¢ of the more general spherical
polar coordinates until we are forced to make use of ¢ = 7 to make further analytical progress. In this coordinate

system (w, 0, ¢), with orthonormal basis vectors {W, 0, (}5}

W =ww (74)

W = W + wh sin ¢0 + whe (75)

12



w = (w —wéQ —wQQSin2 ¢) W+ ...

(211)9 sin ¢ + 2wl cos ¢ + wh sin (b) 0+..

<2wd) + we — wd” sin ¢ cos qS) é

Hence w = — fv’% w becomes three coupled non-linear equations in w, 6, ¢
I GM
W — wéz - wéz sin? ¢ = -——
w
16 . . .
210 sin ¢ + 2wl cos ¢ + wh sin g = 0
X%
¢ + we — wéz singcos¢ =0
Therefore
WXW = wwX (u';v“v—i—w@sinqﬁ@—i—wéﬁ&))
= w?0sin¢pw x 0 + w2pw x @
—w?fsin (b{b + w2¢9
Sincev‘vxéz—{bandv‘vxgbzé.
Therefore mam ca .
j= —umz 2 (¢0 — dsin ¢¢)
mi + mo
Hence 9
s s a2 _ [ _Tama 12 42 .9
izl = (—m1+m2) (¢ +6 sin qs)

which means
2
mi + Mo
mimse

.2
2 42 2 |
¢ +6 sin ¢:F<

Now the W component of 55 is

. M
W — we —w9251n2¢: —G—2
w
hence oM
-2 2
'U.)*'UJ((ZS +9 Sin (ZS)Z*F
Therefore

1.7.2 Solving for the orbit using the fact that motion is in the plane

Now let us make use of the fact that ¢ = 5 (and therefore ¢ = 0) for this motion

mimes

) -
= 12 %
J m—— ¢
2
.2
i = () w'e
mi + Mo

Since the motion is planar we can also express w = w(#) and therefore
dw
w=——=0
de

13
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Hence

Now the 0 of 55 is

W

dPw.2 dw-
=~ T’

20 sin o+ 2w9¢ cos ¢ + wh sin ¢=0

Since ¢ = 3 and ¢ = 0 this reduces to

Hence

Now w = ‘fi—“gﬁ which means

Therefore

Now
Hence

and therefore

(L
w= U)4 d92

2
Putting this all together, we can re-write ww?> — |.]|2 (m> + GMw = 0 derived in the previous section.

216 4+ wh = 0
j_ 200
w

_ 2w

w df

Pw.2 dw-

Puge  dw (24 dw
d? do w db

dw 2 (dw\®) e
de*>  w \ do

2

mimo -2

= —— w0
mi + Mo

; 1 (my+ma\° .0
0= (T
w mimso

2 [dw 2\ (m1+my 2|.|2
ws \ df mims J

mims

2
i — 2 (m) FGMw = 0
mi1mso

Ld2w 2 [(dw\?\ [(mi+ma\?,. 5 5 (my +ms\>
—rw 2w M e g (T2 L G = 0
<w 402 w2 (d@) ) ( MM ) |.]| |.]| ( mims ) + w

d2w dw\ 2 GM m1mMe 2
Y (cw) RTE (m1+mz> b
dPw dw\? G m?m?
- 9= _ 2+_# 3 — 0
wd92 <d9> v |j|2m1+m2w
To solve this consider the substitution 1
w= —
U
Therefore
w _  ldu
o u? df
Pu 1l 2 ()
do*>  w?qde?  ud \db

14
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Hence

d*w dw\? G mim?
w—s —2(— ) —w+t—H5—2w? = 0 102
do” <d0> 312 ma +mo (102)
L Adu 2 (du\\ o/ A\ 1 G omimd 1
u w2 do® " w3 \ df u? do u? o j)? ma +ma ud o
(L 2 (du)' 2 fdu)' 1 G omimi 1
ud do%  ut \ db ut \ df u? o j)? ma +mg ud o
A 1 G omimi 1
ud do?  u? |j|2 mq + me ud
Cu G mims
o 3|7 ma +ma
To solve for u(6) define, for brevity,
G 2,,2
o = _QM (103)
|J| mi + Mo
Hence 2
U
— tu=a« 104
7 (104
This is a linear second order ordinary differential equation in u(f). Consider solutions of the form?
u=teacos B(0—0)+a (105)
where ¢, B, 0 are constants and £ > 0. Substituting into % + u = « yields
FBeacosB (0 —0') £eacosB (0 —0') +a=a (106)
Hence
B=1 (107)
Which means
u=Feacos (0 —0') + (108)
Therefore )
j 1
w = |.]| (m12+;n2) . (109)
Gmims  1+ecos(6—0)
If we set the sensible constraint that w > 0 then in the negative solution € < 1.
The polar equation of an ellipse, taking w to be the radius from the focus of the ellipse is
a(l—e?)
= ——7 110
YT +ecosf (110)
Eccentricity ¢ is defined in terms of the semi-major axis of the ellipse a and semi-minor axis b
b2
e = (1> (111)

b = av1-e? (112)

Note this must also be 0 < e <1 to make b real.
So indeed the range of possible values of ¢ for both positive and negative solutions of w(6) is

0<e<1 (113)

For the elliptical solution we can equate the constants to write the semi-major axis a in terms of the other orbital
parameters

2Note this has two constants of integration, € and @’ appropriate to the second order nature of the differential equation.
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.12
2 lj|” (m1 +mo)
“ (1 o€ ) B Gm2m3 (114)

31 (m1 + ma)
Gm3m3 (1 —¢e2)

Therefore if we consider the positive solution of our orbit equation, and also define a coordinate system {X,y,2}
such that ¢ =0 3

l

= — 115
v 14 ecosf (115)
.2
+ mg)
D ey lim
a(l-<) Gm3m3
o = 312 (ma + my)
Gm3m3 (1 —&?)
b = ayl—e¢?
The time dependency of w can be found by numerically solving
mi+m 2
ww® — |j|? <¥> +GMw =0 (116)
mimso

and then 6 found from

i (mi+me) 1
= 117
v Gm3m3  1+ecosf (117)

|.i|2 (m1 +ma)

1 0 =
+ € cos wGmZm?
.12
1
, msl<m<m1§@a_>
ewGmims €
Alternatively one can find 6 as a function of time ¢ using
; 1 (fmi+ma) .
b= () (118)
w mi1mo

 GPmimi (1 +ecosh)’ (my+my i
a mimso J

3" (ma + my)?
G2m3m3 (1 + e cosb)?

31% (ma + ma)

P Eme) 0l
b=y — (119)
myms; 0o (1+£cos€)

Therefore

So, via numerical integration, one can find ¢ as a function of 6. If this is indeed a one-to-one function, 8(¢) can be
obtained.

1.8 Position and velocity of masses in a two body system

Let us summarize the results derived so far:

Define centre of mass

h _mari + mary (120)

mi + mo

3This lack of generality will be accounted for by setting a three-dimensional orientation of the ellipse as an input parameter of an orbital
model. The key point is at ¢ = 0, § may not in general = 0. This will be accounted for in the calculation of time from polar angle.
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and the mass separation vector
W =T9 —I'1 (121)

Let the position of the centre of mass at ¢ = 0 be hy. Hence wq is the initial mass separation vector at simulation
time ¢t = 0.

W0 = T2,t=0 — I'1,t=0 (122)
The position vectors of masses are
my + mo
m1 + ma

The centre of mass velocity h is a constant of the motion is the masses don’t change, hence to find the mass
velocities 11 and T5 all we have to find is W

r| = hfﬂ (125)
mi1 + mo
fy = hp— " (126)
mi1 + mo
Define total angular momentum J, which is a constant of the system
J =mqr; X 11 +morg X 'y (127)

Define the difference in angular momentum bewen the entire system and a single mass equal to the sum of the two
masses, whose dynamics are described by the centre of mass of the two-mass system.

j=J—(m1 +my)hy x h (128)
It can be shown

j= 12 o (129)
mi + me

The fact that j is a constant means that vectors w and W must occupy the same plane throughout the motion.

Also, j = m—"ﬁﬁ;w X W implies j is perpendicular to both w and w. We can therefore choose a plane where spherical
polar angle ¢ = 7 at all times without loss of generality.

Define polar coordinates to describe the elliptical orbit of w about the centre of mass h

w =w(0)f (130)
f = cosfX+sinfy (131)
0 = —sinfxk+coshy (132)

For closed elliptical orbits with eccentricity 0 < e < 1:
l

- 133
T + ecos (133)
The semi-latus rectum [ of the elliptical orbit is
312 (m1 + ma)
l=————F—
Gmimg (134
The rate of change of w is )
a(1—£2)9 esin 6 o
V= 460 135
YT Tt ecost (1+6cos9r+ > (185)

Hence
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a(l—e?)

1+ ecosf
a(lfsz)é esinf o
v o= i+ 6
W 1+ ¢ecosf (1—i—50059rJr )
We can define wq using the polar equation of the ellipse
a(l—¢?)
= —— (%cosfy+ §¥sinb
wo T— (Xcosfy + ysinby)

The elliptical height radii b is
b=ay1—¢?

The elliptical width a relates to the eccentricity € and angular momentum j via

i mg 4+ mw)

“= Gm2m3 (1 —e?)

Hence

il = \/aGmfm% (1-¢2)a

mi + me

Now for a two body gravitational system

. mims 2/
jl = ————w"0
mq + mao

Hence

UUUCTNEY I Gm2m3 (1 —e?)a
my + me my + M2

b |—mEmE
mi + mo

9 m2m? Gm32m3 (1 —&e?)a
(m1 + mo)?

And therefore

VG (m1+ms) (1 —e2)a
w2

9:

a(l—az)

USlng w= 1+ecosf

(1+ecosh)? VG (m1+ms) (1 —€2)a
a? (1 —e2)?

(1+ecosh)’ VG (m1+ms) (1 —e2)a

\at (1 —e2)*

(& (m1 + mz)
a3 (1 —e2)?

Hence

0 = (14 ¢ecosh)’

(136)

(137)

(138)

(139)

(140)

(141)

(142)

(143)

(144)

This result gives us an alternative method for finding ¢ without having to previously compute the magnitude of

the angular momentum |[j|.

a3 (1 —e2)? /" o’
G (my +mz2) Jo, (1+ecos 9')2

a(1—e2)6 : ~
Now w = (1= )0( esinf f'—i-O) , hence

14ecos@ 1+ cosf
o a(l—e?) 1+ ccos0)? G (my + ma) gsinf Lo
~ 1+4cecosf a3 (1—¢2)> \1+ecost
G (my +ma) esinfd |
= 2(1-e2)*(1 6
a? (1 —¢€2)” (1 +ecosh) (122 1+ECOS€I‘+

(145)



Which simplifies to

G (m1 +ma) esinf | 4
(1 0) 0
\/ a(l—¢2) ecos 1+6cos9r+ >
G (my +ms) esinfy . 4
(1 o) + 60
\/ 1—62 +ecosfo (1+scos90r )

1.9 Total energy of the two body system

Hence

The total energy of a two-mass gravitational system is

. . Gmym;
E = %ml |I‘1|2 + %mz |I‘2|2 —_—
Ir2 — 1]
Now
W =T9 —I'1
And from the results derived in the previous sections
a(l—¢e?)
= ———~2(Xcosf+ysinf
w 1+50089( Y )
iy cos 0%+ sin 0y
0 — sin 0%+ cos 0y
G (my +ms) esiné -
Vo= ————~ (1+¢ecosl) | ————r+0
v a(l—e?) (1+¢cosd) 1+¢ecosf +
. Mo W
rn = h————
mi + me
LU\
m1 + me
Hence
. ) . a
E = %ml h*M +%m2 h+ mw - T
my + mo my + mo |w]
.7 2
.12 2mow - h m .
_ %ml{‘h) _ o +< 2 ) |w|2}+
mi1 + mo mi + mo
. 2
.12 2miw-h m . Gmim
.+%m2 )h‘+ 1 +< 1 )|w|2 . 1y
mi + Mo my + Mo |w]
2
m2mq + m2ms | . Gmim
= 1 (my +ma) ‘h‘ 41T TN |2 ST
(m1 +mg) |w]
. mimg .2 Gmim
= Hom ) [R[ o - S
Now
wl a(l—¢e?)
W =—"
1+ ecosb
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(146)

(147)

(148)

(149)

(150)

(151)
(152)

(153)

(154)

(155)

(156)

(157)

(158)

(159)

(160)

(161)



and

.92 G (my +ms) esinf A2
- T M) g L
W] a(l—e?) (1+cosd)’ 1+£cos€r
G (my + mz) gsinf 2
a(l—g2) ecos 1+50089 *
_ G (my +T2) |+ cosh)? £2sin? 0 + (1 + e cos0)?
a(l—e?) 1—1—5(:050)
_ G(ml—i—Tg) | 4 ecosh)? —cos?0) + (1 + £ cos0)
a(l—e?) (1+ecosh)?
_ 2 1 D) 2
B G(m1+7;12) (1+6cos9) €2 —e2cos?0 + 1+ 2eccosb + €2 cos? 6
a(l—e?) (1+ecosh)?
Which simplifies to
lw|? = % (6% + 1+ 2ecosb)
Hence
. |2 mim Gmim
_ 1 1 mamy Lo 17
E = 5(mi+my)|h +2m1+m2| | Wl
. |2 mime G (mq + ma) Gmimy (1 +ecosd)
_ 1 1 Mmimy 1 2) [ 2 _ 1M
= 5(m1+ms)|h +2m1+m2 a(1=22) (e + 1+ 2ecosb) o=
. |2 Gmime Gmima (1 + ecosf)
= 1 h| M2 24149 -
5 (m1 +ma) 20 (2 )(6 + 14 2ecosb) a2
.12
= 2(mi1+me)h 25(7711—1_7712{ + 1+ 2ecosl — Q*QECOSQ}
. |2 Gm m
= L(my+me) b +— {2 1}
Therefore

Now recall for an elliptical orbit

Hence

Gmlmg
2a

.2
E:%(ml—i—mg)‘h) -

3l (ma +ma)

“= Gm2m3 (1 —&2)

Gmymy Gmimj (1 — ?)
2 3% (ma + ma)

G*m3m3 (1 —&?)

2(3% (m1 +mo)

= 5 (m1+ma) )flr -

3 (ma +mo) )flr -

(162)

(163)

(164)

(165)

(166)

(167)

(168)
(169)
(170)
(171)

(172)

(173)

(174)

(175)

(176)

Hence we can now describe the orbit in terms of a given magnitude of angular momentum |j| and eccentricity e.

For a given |j|, this means E varies quadratically with . If we set ‘h) = 0 then ¢ = 0 will be the minimum of a

parabola. This is the lowest energy solution and corresponds to a circular orbit. For an elliptical orbit, 0 < ¢ < 1.
When € =1 then F = 0, i.e. the orbit is unbound - there is not ne gravitational potential energy.
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1.10 Kepler’s laws

Kepler’s three laws are:
1. The orbit of every planet in the solar system is an ellipse with the Sun at one of the two foci.
2. A line joining a planet and the Sun sweeps out equal areas during equal intervals of time.

3. The square of the orbital period of a planet is directly proportional to the cube of the semi-major axis of its orbit.

The wording of Kepler’s laws implies a specific application to the solar system. However, the laws are more
generally applicable to any system of two masses whose mutual attraction is an inverse-square law.

1.10.1 Kepler’s first law

Bound orbits of a two-mass system undergoing attraction via Newton’s law of gravitation are ellipses.
We have shown above for two-mass system interacting via an inverse-square law of attraction, the centre of mass
h is at one focus of an ellipse. The displacement vector w of the masses traces out the elliptical orbit. The magnitude
of the displacement is given by
a(l—¢e?)
Wl = ———

" 14ecosf

where ¢ is the eccentricity of the elliptical orbit, a is the semi-major axis of the ellipse and 6 is the polar angle of
the orbit measured anticlockwise from the semi-major axis of the ellipse. The position vectors of the masses are given
by

(177)

= h——— 178
I'1 m1 + me ( )
oo b (179
mi + Mo
1.10.2 Kepler’s second law
The the rate of area ‘fi—‘?swept out by the elliptical orbit from the focus of the ellipse is a constant.
A sector of arc of angle dfl is given by
dA =3 |w|*do (180)
Hence JA
9
o~ zIwlo (181)
Now
; G (m1 +ma)
0=(1+ecosh)® | ———1—2 182
( R (182)
and )
a® (1 —¢?
wit = U=2) (183)
(14 ¢ecosh)
Hence
A 2(1 _ g2 2
a4 _ %L‘E)Q (1 + cosh)? G(ml—eri;) (184)
dt (1+ ecosh) a3 (1 —€2)
_ 12 (-2 [Glmtme) (185)
a3 (1 —¢e2)
= 1JV/G(mi+mo)(1-e?)a (186)

which is a constant of the motion.
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1.10.3 Kepler’s third law

The square of the orbital period of a planet is directly proportional to the cube of the semi-major axis of its orbit.

Since Lfi—‘;‘ is a constant and the area of an ellipse is mab, the orbital period P must equal

Now
b=ay1—¢2

Hence
ma2y/1— &2
%\/G(ml +mo)(1—¢2)a
2my/a* (1 — e2)
VG (my +ma)a(l—e?)
a3
G (mq + ma)

= 27

Hence )
p?— A a3

G (m1 + mg)

4>

3 .
18 G(mi+m2)

as required. The constant of proportionality of P2 vs a
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2 Mass rings initial conditions

2.1 Scope

A set of mass rings will be a collection of planets making concentric circular orbits about a central star of mass M.
The gravitational interaction between the planets shall be ignored, only the gravitational field of the star is important.
In this section we will derive the initial positions and velocities of the masses. A more general numerical method (i.e.
involving other bodies, which may perturb the position of the star as well as the ring masses) shall be employed to
compute the subsequent dynamics.

2.2 Define quantities

Inputs
Quantity Symbol Typical value
Number of rings Nyings 30
% coordinate of ring centre /AU Ze 0
¥ coordinate of ring centre /AU Ye 0
Z coordinate of ring centre /AU Ze 0
% velocity of ring centre / AU/Yr | i, 0
¥ velocity of ring centre / AU/Yr | ¢ 0
Z velocity of ring centre / AU/Yr | 2. 0
0
Ring rotation vector d=d,X+d,y+dyz 0
1
Radius of first ring /AU Ry 1
Mass of star /solar masses M 1
Inter-ring radial distance /AU AR 0.1
Arc separation of ring masses /AU | § Tl(]ﬁ

th

Derived quantities for masses m;; corresponding to the j** mass in ring ¢

Quantity Symbol
Set of ring mass X coordinates | {z;;}
Set of ring mass § coordinates | {yi;}
Set of ring mass Z coordinates | {z;}

Set of ring mass X velocities {&i;}
Set of ring mass ¥ velocities {9}
Set of ring mass Z velocities {2}

2.3 Derived quantities

For a two-mass system, the rate of change of separation vector between masses is

. |G (my+my) esin® | 4
w = 2= ) (1 +ecosb) 1+5cos9r+0 (193)

The conversion between plane polar coordinates and Cartesians is

= cosfx+sinfy (194)
— sin 0%+ cos 0y

>
\

For circular orbits € = 0. Since we can ignore the mass of the planets, m; + me = M, the mass of the star. Since
the planets don’t move the star, the semi-major axis of the orbit ellipse is the radius of the ring R. Hence a = R.The
rate of change of separation vector is now the actual velocity u of the planet.

Hence

GM
=1/——0 195
u=y/ (195)
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or in Cartesians

u=4/ GTM (— sin %+ cos 0F)

We can use the above result to define the velocities of of mass m;; corresponding to the 5™ mass in ring i .

The radius of the i*" ring is
R;=Ro+ (i—1)AR

2’/TRi
, =1l
n oor ( 5 >

The Cartesian coordinates of the ring masses m;; are therefore

2m(j— 1
Ty = e+ R;cos <M>

The number of planets in this ring will be

n;
L (2m(j—1
Yij = Ye+ Risin <L>
n;
Zij = Zec

The corresponding initial velocities are

b o GMSIH<271' j—l))
1] R,L

. GM 27 (5 — 1)

Yij = Yot Rz ( >

'éij =

(196)

(197)

(198)

(199)

(200)
(201)

(202)

(203)
(204)

The desired plane of rotation can be achieved via the following transformation of the mass position and velocity

vectors
ry; = :L‘ijfc-i-yijy + Ziji
u;; = i'ijf(erijy + 2-«'ij2
I‘;j = f (rij,O,d,O,i)
u;j = f (uij,O,d,O,ﬁ)
Where r’ = f(r,0,w,h,b) describes the transformation of vector r in the following steps:

1. Rotate r such that vector b aligns with the rotation vector w. Let this be r’.

2. Rotate r’ anticlockwise around vector w by 6, about the point h

r = f(r,0,whDb)
Q = b+t-—
||
r = 2h7r7—2(hlﬂ_2r.ﬂ)ﬂ
€2
/I /' o .
ro= a(1+cos9)—r’008977wx(r a)sin9+(r i wl(1+cos9)w

[l wl
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3 Mass cluster initial conditions

In a mass cluster, a set of essentially massless planets orbit a central star in a circular fashion. Inter-planet interactions
are ignored. We will define a cluster in the following way

e Let the number of planets per AU? in each spherical shell be p
e Let the number of shells be N

Let the radius of the first shell be Ry

Let the shell separation be AR

The radius of the " shell is
R;=Ry+(i— )AR (209)

The number of masses in shell i shall be n? where

n; = floor <\/47rR12p) (210)

The position and velocity of mass m;j, , where 1 <4 < N is the shell number and 1 < j < n; and 1 < k < n;
index the masses in shell i are

v = we+ Ricos (_% N M) sin (M) (211)
n; ny;
j—1 2 (k-1
i = ye+ Ricos (% 4 M) oS (M) (212)
n; ng
) — 1
Zij = Zc+ Risin (% + %) (213)
Gy = de— GRM sin <g + W) sin <W> (214)
Yij = Ye— Cj%M sin (—% + w> cos (W) (215)
. : GM =, T0-1)
Zij = Zet 7 CcoSs (5 + T) (216)
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t=04

Figure 5: A spherical mass cluster of circular orbits is added to a binary star system with rings initial condition.
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4 Example simulations
Typically simulations will be configured in terms of

e Pairs of stars in initially elliptical orbits
e Rings of planetlets initially centered on the stars

e Mass clusters initially centred on the stars

4.1 Two stars with initially circular rings

Stars 1 and 2

Quantity Symbol Value
Mass #1 /Mg my 1
Mass #2 /Mg ma 1
Mass separation along semi-major axis of elliptical orbit 2a 4
Orbit eccentricity € 0
Initial position vector of centre of mass of system 0
relative to simulation coordinate system {X, Y, Z} ho 8
) 0
Velocity of centre of mass / Au/Yr h 0
0
Initial orbital phase angle of elliptical orbit /radians 0o 0
. . . . 0
The {%X,¥} orbital plane will be defined in terms of a 3D rotation % & 5
of the %X axis to align with a defined direction vector d=d. X +dyY +dyZ ?
Anticloclockwise rotation of ellipse aligned with d, about d /radians | « 0

Each star shall have associated rings of planetlets. In addition to extra tangential velocity to result in mutually
circular orbits, the entire ring shall also initally move with a bulk velocity equal to the initial velocity of stars 1 and
2 respectively.

Ring 1

Quantity Symbol Value
Number of rings Nrings 30

0
Ring rotation vector d=d.x+d,y+dyz 0

1
Anticloclockwise rotation of ring aligned with d, about d /radians | « 0
Radius of first ring /AU Ry 1
Mass of star /solar masses My mi
Inter-ring radial distance /AU AR 0.1
Arc separation of ring masses /AU 1) %ﬂ

Ring 2

Quantity Symbol Value
Number of rings Nrings 30

0
Ring rotation vector d=d.x+d,y+dyz 0

1
Anticloclockwise rotation of ring aligned with d, about d /radians | « %71'
Radius of first ring /AU Ro 1
Mass of star /solar masses Mo mo
Inter-ring radial distance /AU AR 0.1
Arc separation of ring masses /AU 1) %ﬂ

27



o 2 N W N

z /AU

z /AU

t=25 . e t=5

z /AU
z /AU

Figure 6: An initial condition of circular rings about two stars in the ratio 1:2 solar masses is distorted into complex
cloud-like forms following gravitational attraction. In addition, the system is modelled to be in a box with partially

elastic walls. The coefficient of restitution is £ = 0.4.
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Figure 7: Spatially averaged speed map in the z,y plane corresponding the the binary stars and rings system. The
orbital ellipse of the masses is viewed end on in this plane so the masses will apear to oscillate in the y direction.
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4.2 Two stars with rings with rings in mutually circular orbits. Star orbit perpendic-
ular to ring orbit

4.3 The solar system

The Solar System has the following parameters. (Woan, 2000 pp176). All orbits are assumed to be elliptical about

the sun. Note

Mq
— ~ 332,948
M ’

53}
and AU
R~ 337155
In SI units:

Mg 1.9891 x 10% kg

Ry = 6.960 x 108 m

Mg = 59742 x 10* kg

Ry = 6.37814 x 10° m

IAU = 1.495979 x 10" m
Object M/Mg | a /AU | & Oy | B a| R/Rgy | Trot [ days | P /Yr
Sun 332,837 | - - - |- - [109.123 | - -
Mercury | 0.055 | 0.387 [0.21 [ * [7.00 |0 [ 0.383 | 58.646 0.241
VenusT [ 0.815 [ 0.723 [0.01 [* [339[0 [ 0949 [ 243.018 0.615
Earth 1.000 [ 1.000 [0.02* [0.00][0 | 1.000 [0.997 1.000
Mars 0.107 [ 1.523 [0.09 [ * [185|0 | 0533 [ 1.026 1.881
Jupiter | 317.85 | 5.202 |0.05|* [ 1.31 [0 | 11.209 [ 0.413 11.861
Saturn | 95.159 | 9.576 | 0.06 | * [ 249 [ 0 | 9.449 | 0.444 29.628
Uranus’ | 14.500 | 19.293 | 0.05 [ * [ 0.77 [ 0 | 4.007 | 0.718 84.747
Neptune | 17.204 | 30.246 [ 0.01 [ * [ 1.77 [ 0 | 3.883 | 0.671 166.344
Plutof | 0.003 [39.509 [ 0.25 [ * [ 175 [0 [ 0.187 | 6.387 248.348

where (3 is the orbital inclination /degrees. In all cases the semi-major axis pointing direction is

d =d,X+ d,¥ + dyZ = cos BX + sin 52

(217)

(218)

(224)

* For the current orbital polar angle 6y (and indeed more accurate values for solar system parameters) see the
website of the Jet Propulsion Laboratory (JPL) http://ssd. jpl.nasa.gov/
TThese planets rotate clockwise about their own internal polar axis. ("Retrograde"). All the other planets rotate

anti-clockwise about their own internal axis. All the planets orbit the sun in an anticlockwise direction.

4http://nineplanets.org/data.html
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Elliptical orbit plotter: 5 masses
inner_solar_system.m

05

Sun
Mercury
— Venus
Earth
—  Mars

Elliptical orbit plotter: 6 masses
outer_solar_system.m

Sun

Jupiter

Saturn
—— Uranus
— Neptune
Pluto

Figure 8: Model of the solar system assuming an elliptical orbit about the sun for each of the planets. Pluto is
included for interest! In these plots the orbits are worked out exactly assuming no inter-plant interaction. The initial
polar angle of the orbital ellipses have been chosen at random for each planet.
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Computed via gravity sim
1 -
05
_,-5

=

< of
>

\
051
Ak
-1 05 0 05 1
x /AU
Elliptical orbit plotter: 5 masses
inner_solar_system.m
1 L
05F
Sun
— Mercury
> O0r — Venus
Earth
— Mars
-05F
1+

Figure 9: The exact elliptical orbits of the inner four planets (computed assuming no inter-planet interaction) is
compared with the corresponding gravity_sim model using a time step of At = 0.01 years. In the latter case, inter-
planet attraction is modelled. On this timescale, deviations caused by the finite timestep of the Verlet algorithm are
likely to be more significant (especially for Mercury where the acceleration is most signifcant) than real gravitational
perturbations.

32



Gravity sim inter-mass distances

50

45+

40+

35¢F
[0
e 30r
8 Sun & Pluto
% — Sun & Neptune
® 25- Sun & Uranus
g Sun & Saturn
5 Sun & Jupiter
€ 20r

15+

SA,/\NW\/V\/\/W\/W

0 20 40 60 80 100 120 140 160 180
time

Figure 10: Inter-mass distances /AU for the outer planets of the Solar System vs time /years.
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Gravity sim inter-mass distances

— Sun & Mercury
— Sun & Venus
— Sun & Earth
Sun & Mars
Mercury & Venus
Mercury & Earth
Mercury & Mars
— Venus & Earth
Venus & Mars
Earth & Mars

Inter-mass distance

time

Figure 11: Inter-mass distances /AU for the inner planets of the solar system vs time /years.
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6 Appendix 1: Derivatives of position vectors in Cartesian and spherical
polar coordinates

6.1 Correspondance between Cartesian and spherical polar coordinates

Define a position vector r in both Cartesian (x,y, z) and spherical polar coordinates (1,6, ¢). 6 is measured anti-
clockwise from the x Cartesian axis and ¢ is measured from the z axis towards the z,y plane

r = zX+yy+zi (225)

r = ¢

Cartesian coordinates use the right handed set of unit vectors {X,¥,Z} that are defined to have the following
properties

X% = y§9y=2-2=1 (226)
Xy = % 2=9-2=0
Xx§ 2 (227)
ixk = §
§x2 = %
dx
= =0 228
o (228)
dy
= =
dt
dz
= =0
dt

The basis vectors of the spherical polars coordinate system are also orthonormal, but are not fixed in position. i.e.
they vary with coordinates r, 6, ¢,

PP = 0.0=0-¢=1 (229)
i-0 Fp=¢-0=0 (230)
The conversion between Cartesian and spherical polars is as follows
rcosfsin ¢ (231)
= rsinfsin¢
z = rcoso

N (232)

0 = tan? (E)

T

¢ = cos ! I —
Va2 +y? + 22

Hence
r = 7 cos 0 sin ¢pX+r sin 6 sin ¢y +r cos ¢z (233)

36



6.2 Unit vectors of the spherical polars coordinate system

The spherical polars unit vectors are defined in the following general way®. The following derivations make regular
use of the invariant property of the Cartesian basis vectors defined above i.e. X-y=%-2=y-Z =0 and % =0,

ay _ dz __
G =0,F=0. , )
or
af« O — 00 5 _ 0
or |’ - I ¢* 9
LT

F4

T =

g

r = rcosfsin¢gX+rsinfsin py+r cos Pz (234)
— = cos@sin ¢X+sinfsin ¢y+ cos ¢z

2
or 0
= 8—: . 8_: = (cos 0 sin X+ sin 0 sin py+ cos ¢Z) - (cos O sin pX+ sin 6 sin py+ cos PZ)
cos? 0sin? ¢ + sin? 0 sin? ¢ + cos® ¢

sin” @ + cos® 0) sin® ¢ + cos® ¢

1
T = cos 0 sin ¢X+ sin 0 sin ¢y + cos ¢z

r = rcosfsin¢X+rsinfsin ¢y+r cos ¢z (235)
0
0—; = —rsin6sin ¢X+r cos sin oy
2
Jr Or . . ia . s . NN PN
= 25 50~ (—rsin 0 sin ¢pX+r cos O sin ¢y ) - (—r sin 0 sin pX+r cos 6 sin ¢y )
= 7r2sin?fsin® ¢ + r? cos® fsin? ¢
= r?sin’ ¢ (sin” @ + cos® 0)
= r?sin®¢
o " sin 0 sin pX+7 cos 0 sin ¢§
B 7 8in ¢

or

00

= 0= —sinfK+cos 0y

r = rcosfsin@X+rsinfsin ¢y cos Pz (236)
Jr
99
or |? Or Or
99 99 96
72 cos? 0 cos® ¢ + 12 sin? 0 cos? ¢ + r?sin” ¢
= 72 (S.in2 0 + cos? 9) cos? ¢+ r?sin? ¢

= 7"2

= rcosfcos pX+7sin b cos ¢y —r sin ¢z

= (r cos 0 cos X+ sin 0 cos ¢y —r sin ¢z) - (r cos 0 cos pX+r sin 6 cos ¢y —r sin ¢Z)

= a) = cos 6 cos X+ sin 0 cos ¢p§ — sin Pz

In summary

r cos 0 sin X+ sin 0 sin py+ cos ¢z (237)
0 = —sinfK+cos oy
q?) = cos 0 cos pX+ sin 0 cos ¢y — sin ¢z

5i.e. this recipe works for any coordinate system. Start with cartesians, then express x,y, z in terms of the new coordinates, then find
the new unit vectors by working out the partial derivative or the position vector r in terms of the new coordinates.
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6.3 Time derivatives of the spherical polars unit vectors

f = cos6sin¢X+ sin 6 sin ¢y+ cos ¢z (238)
0 = —sinfK+cos oy
¢ = cosbcos X+ sin b cos oy — sin ¢z
Therefore
dr - . ; o [ . L n e a
il <79 sin #sin ¢ + ¢ cos 0 cos d)) X+ (9 cosfsin ¢ + ¢ sin b cos ¢> ¥—¢sin ¢z (239)
= Osin¢ (—sin 0% + cos 0F) + ¢ (cos 0 cos X + sin 0 cos ¢y — sin ¢z)
= fsin ¢9+¢(§5
0 . .
% = —fOcosfx—0sinly (240)
—0 (cos 6% + sin 69)

= -0 (sin ¢ cos 0 sin ¢X+ sin ¢ sin 6 sin ¢§+ sin ¢ cos GpZ+ cos ¢ cos 0 cos pX+ cos ¢ sin 0 cos ¢ — cos ¢ sin Pz)
= —0 (sin @f + cos qS(}b)

% = (79 $in 6 cos ¢ — ¢ cos O sin d)) X+ <9 cos 0 cos ¢ — Psin O sin d)) §—¢ cos ¢z (241)

= —¢(cosfsin ¢k 4 sin 0 sin ¢§ + cos ¢z) + 0 cos ¢ (— sin 6% + cos %)
= —¢f+écos¢9

In summary, the first time derivatives of the spherical polars unit vectors are (in terms of spherical polars unit
vectors, not Cartesian unit vectors)

&= Dsinohid (242)
dé N .

i —0 (sm @1 4+ cos ¢¢))

b R

il —¢T + 6 cos PO
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6.4 Velocity and acceleration in spherical polars

We can use the results above to write expressions for velocity v =1 = % and acceleration a =¥ = %in terms of the

spherical polars coordinates and basis vectors.

r = 7cosfsin@X+rsinfsin ¢y+r cos ¢z (243)
.
o dt

= (%cos@sin(b — rfsinfsin ¢ + récos@cosqﬁ) X+ ...
<7‘sin981n¢+r9008981n¢+ré&sin@cosd))er...
<fcos¢—rd>sin¢> Z

= 7 (cos 0 sin ¢pX+ sin 0 sin ¢y + cos ¢pZ) + ...
rfsin ¢ (—sin % + cos 0y) + ...

7 (cos 0 cos X + sin 0 cos ¢y — sin ¢z)
= 7 +rfsin d)é + rd)&b

Since

= cos0sin ¢pX+ sin 0 sin ¢y + cos Pz (244)

= —sinfX+ cosfy

S D
|

= cos 0 cos ¢pX+ sin 0 cos ¢y — sin ¢z

and

d
dt
do
dt

. "
il —ot + 0 cos p0

= Osinpb+od (245)

= —0 (sin @t + cos qS(}b)

Therefore

dr
P = — 246
i o (246)
= % (ff' + rf sin (b@ + 7“(;5&))

e Ay d oy d / -+
= 7+ ra + 7 (r9 sin ¢9) + 7 (T¢¢)
Algebra needed!

O (r — réz — 7“92 sin? (b) T+
(27'“[95111(;5 + 2r0¢ cos ¢ + rsin ¢) 0+..

(27'"¢ + 7"(2) - réz sin ¢ cos ¢> (}5

http://mathworld.wolfram.com/Spherical Coordinates.html
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Ellipse:a=5,b=3,xc=3,yc=-2
Eccentricity = 0.8, focus #1 = (-1,-2), focus #2 = (7,-2), area = 47.1239
T T T T T T T

Figure 12: The ellipse.

7 Appendix 2: The Ellipse

7.1 Cartesian equation of the ellipse

An ellipse is defined in Caretsian x,y coordinates by the following equation

(y - yc)z
b2

(x — xc)z
a2

+ —1 (247)

(e, ye) is the centre of the ellipse, which cuts the z axis at (x. & a,0) and the y axis at (0, y. £ b)

7.2 Parametric equation of the ellipse

The ellipse can be defined in terms of a single parameter ¢ via the following equations, which yield the Caretsian
coordinates x,y

x = Z.+acoso (248)
= yY.+bsing
Hence 9 9 2 2
T—T — Ye a cos bsin .
( - J W be) _ a2¢) L b2¢) — oGt sin2=1 (249)

so the parametric form is indeed consistent with the Cartesian form.

7.3 Polar equation of the ellipse

Define the eccentricity e

B2
e=1/1-— p (250)
Hence
e2a? = o —b? (251)
B2 = a2 — q2e2
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The ellipse can also be described in (shifted) polar coordinates (r,60) where 6 is measured anticlockwise from the
x axis. The following conversions between Cartesian and polar coordinates will prove to be sensible.

Ze + ag 4+ rcosd (252)
= Y.+ rsinf
S [ (253)
0 = tan~' (73; —Ye )
T — T — QE
(CL’ - xc)z (y - yc)2
o + 2 =1 (254)
(ac +rcosh)®  r2sin®0
a? + b2 =1
2e2 4 2raccos O + 12 cos?0 12 (1 — cos?0)
2 + 2 =1
a b
b2a2e? + 2b%ras cos @ + b%r2cos? 0 a?r? — a?r? cos? 6
b2a? a?b? =1
b2a%e? + 2b%rae cos 0 + b2r? cos? 0 + a®r? — a?r?cos’ = b2a?
b2 (a2£2 + 2rag cosf + 12 cos? 0 — a ) +a%r? —a*r?cos?d = 0

Now substituting for b = a? — a?c?

(a2 — azsz) (a2£2 + 2ras cos @ + r% cos? ) — a2) +a*r? —a*r?cos? =

(52 — 1) (aza2 + 2rascos @ + r?cos® 0 — 2) —r?+ricos’l =

r? (00529 -1+ (52 — 1) cos? 9) + 2rae cos 6 (52 — 1) (5 — 1) ( 2¢2 az) =
r? (% cos® @ — 1) + 2rascos 0 (e — 1) +a* (€% — 1)2 =

(255)

o o o o

Hence using the quadratic formula

—2aecosf (2 — 1) + \/4&262 cos20 (2 —1)> — 4 (2 cos2 0 — 1) a2 (€2 — 1)° 056
T 2(e2cos?26—1) (256)

—2agcosf (2 —1) + \/4&262 cos2 0 (2 — 1) — 4a2e2 cos? 0 (€2 — 1)® + 4a? (€2 — 1)°

" 2(e2cos?26 —1)
—2azcosf (2 — 1) £ 1/4a2 (2 — 1)°
" 2(e2cos26 —1)
. —2agcosf (g2 — 1) £2a (2 — 1)
2 (e2cos26 —1)
a(e?—1)(—ecosf +1)
T (e2cos?26—1)
a2 —1)(—ecosf 1)
" (ecosf — 1) (ecosf + 1)
a(l—¢?) (ccosfF1)
T (ecos —1)(escosf+1)
Therefore
a(l—e?)(ccosf+1) a(l-e?)
T (ecos® — 1)(ECOSQ+1)7(€COSQ—1) (257)
a(l—¢€)(ecosf—1)  a(l—¢?)
" (ecosf —1)(scos@+1)  (scosh+1)
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So
_a(l-¢%)
"= ecosf+1

Now r must be > 0 for all # and eccentricities €. For a circle b = a and therefore ¢ = 0. Obviously r = a.
Therefore the -ve solution has no physical meaning. For a slightly more expansive argument, note that from the

definition € = 4/1 — Z—z

Therefore since the maximum value of £cosf < 1, this means the -ve solution will always yield -ve values of r
which is unphysical.

(258)

0<e<1 (259)

Hence the polar equation of the ellipse is
a(l—e?)
r—

= 260
1+ecosb (260)

7.4 Velocities for elliptical orbits

Consider a body undergoing an elliptical orbit. At time ¢ the orbit makes angle # with the horizontal axis of the
ellipse. The ellipse has eccentricity € and horizontal width a. The polar equation of the orbit is therefore

a(l—e?)
= ——" 261
"7 + ecosf (261)
Now, the rate of change of position vector r = 7 is given by
i =7 + 6@ (262)

where £ and 6 are, respectively, the unit vectors in the radial and polar angle directions. Note 6 is measured
anti-clockwise from the horizontal.
Now since r = r(0)

dr .
= — 2
7 d99 (263)
Hence J
P=0 (d—rr + ré> (264)
_ .2
Using the polar equation of the ellipse r = f +1€ CZS 5
1— 2
dr_ d Ja(l-2) (265)
do df | 1+ecosf
—a(1—¢g2
- evTe) (1-e )2 (—esinf) (266)
(1+ecosb)
1 —¢&?)sinf i
'.ﬁ:as( £ )sn; __esing . (267)
df (1+gco39) 1+ ¢ecosf
Hence ( 2) .
a(l—e%)0 esinf -
. 2 0 2
g 1+ ¢ecosf (1—i—5(:os(9r+ > (268)
The conversion between the polar unit vectors and the Cartesian equivalents are
F = cosfx+sindy (269)
0 = —sinfx+ cosly
and
r=(x.+ac+rcosf)X+ (y. +rsinf)y (270)

where (., y.) is the centre of the ellipse in Cartesians.
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7.5 Link between parametric and polar equations of the ellipse

The following equations relate the Cartesian x coordinate of the ellipse, the parameter ¢ and the polar coorniates r, 0

Ze + acos o (271)
= y.+bsing
b2
e = 1—§
0 = tanl( Yy~ Ye )
T — T — aAE
ro= e re— e+ @-w)
Hence bsind
6= tan~" [ ——2C 272
an (acosd)as 272)
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8 Appendix 3: Three dimensional rotation

8.1 Derivation of generalized Rodrigues’ rotation formula

Let us define three-dimensional rotation® in the following way:

e Position vectors (i.e. displacements from a defined origin) in 3-dimensional space r shall be rotated to r’ anti-

clockwise by angle 6 about a vector w.

e The rotation shall occur about position vector a. This means the tip of a vector b = r — a will trace a circular

path around w by angle 6.

The circular path of b can allow us to express its new value b’ following the rotation of # about a vector w. This
achieved via firstly defining a set of Cartesian basis vectors {X,¥,Z} where Z is parallel to the rotation vector w and

¥ is perpendicular to both b and w. Note {X,¥,z} are a right handed set and are orthonormal.

. w

P
w]

.  wxb

Y7 Joxb|

X = yx2

Basis vector % is a vector triple product, which can be simplified into dot-products’
X = yxX2
wxb w
X —_—
|w x b|  |w]|
wxbxw

|w X b||w|

(w-w)b— (w-b)w
|w % bl |w]

SR =
Now « is the angle between b and w (indeed between b’ and w).
|b||w|cosa=b w
Also note the general feature of cross-products
|w x b| = |w]| |b|sin«
Hence

b’ = |b| cos az + |b| sin a (cos 8%+ sin 6y)

Substituting for the results above

b’ = |b|cosaz + |b|sina (cos 0%+ sin6y)
b b-ww |wxbl <C080<(w'w)b(w~b)w)+sin9wxb>
| |w] || |w x bl |w]| |w x b
= (b";)w+ (w~w)b—2(w~b)w cos9+(w><b)sin9
] ] ]
= bcos@—i—(wXb) Sin9+(b-w)(12—c080)w
|| wl

Since b = r — a and therefore r' = a 4 b’

X p—
wx(r—a) o
|w| |w

r =a+(r—a)cosf +

Which gives the general result v’ = f (r,a,w,0)
w X (r—a) (r~w7a~w)(17c089)w

sinf + 5

jwl wl

r =a(l—cosf)+rcosh +

6This section derives Rodrigues’ rotation formula http://en.wikipedia.org/wiki/Rodrigues%27 rotation formula
Taxbxc=(a-¢)b—(a-b)c
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8.2 Two dimensional rotation in a single plane

Lets consider the special case of a two dimensional rotation, i.e. an anti-clockwise rotation by 6 about a where r,a
are in the Cartesian x,y plane and w = Z

a = a,X+a,y (282)
r = zx+yy
¥ = 2'%+9yy
r-w=>0 (283)
a-w=0
wx(r—a) = (r—ay)Z2xX+WY—ay)zxy (284)

Hence

X (r—a)

(1[‘~<.u—a~<.u)(1—(:039)("J

! a(l—cos@)—l—rcos@—l—w sin 6 + 2

|w] |w
(az%x + ayy) (1 —cosf) + (zx + yy) cos§ + ((z — ax) §— (y — ay) X) sin 6

(az (1 —cosB) +zcos — (y —ay)sinf) X+ (ay (1 —cos) +ycosf + (x — ay)sinf)y
(az + (x —ag)cost — (y — ay)sin@) X+ (ay + (y — ay) cos 0 + (x — az)sinh) §

(285)

,1
|

This can be written in matrix form as

'\ [ cosf —sind x Gy Qg
()= ) (G)-00)- =
which is consistent with a 2D rotation matrix implementation of rotation about a point (a,,ay)

8.3 Roll, pitch or yaw of a 3D object

A practical scenario is a rotation of an object defined by a set of position vectors {r;} by « about a rotation axis
w position at vector a within the scene. Unlike the generic problem discussed above, one typically desires to rotate
the body about one of its principle axis. In the unrotated state® let’s define these as the Cartesian basis vectors
{XB, 9,2} For brevity, define b as one of these basis vectors.

e A roll is an anti-clockwise rotation about the Xg axis
e A pitch is an anti-clockwise rotation about the yp axis

e A yaw is an anti-clockwise rotation about the Zp axis

To achieve the desired rotation we must firstly rotate all position vectors such that the principle axis b aligns with
w. This can be achieved by a rotation by 7 radians about a rotation axis

w

Q=b+— 287
o (287)
and about the centre of mass of the object h. Applying Rodrigues’ rotation formula, and noting cosm = —1,
sinm =10
2(r-2—h-Q
I'I=2h—l‘+%ﬂ (288)

8 A data set describing the vertices of a three dimensional shape will typically be oriented along the natural lines of symmetry, which are
often likley to be the principle axis. e.g. the Xp direction will typically be the longitudinal (tail to nose) axis of a aircraft. Note principle
axis are actually a property of the body. They are the Cartesian basis vectors which diagonalizes the inertia matrix for the body.
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Noteif h =0 ) Q
y = (I.—'Q)Q—r (289)
|€2]

Check: Let b = Xp = w i.e. a pitch with the centre of mass stationary.

r =aXp, +yyp + 22p

Q=b+ = =2
||
2(2
I‘/ = (41')2)2371')23 7yy372’23

= Xp—yYyB— 2Zp

So an extra rotation of 7 is needed to restore the original orientation. Taking this into account, the desired
rotation of a about a rotation axis w position at vector a within the scene can be achieved via multiple applications

"

of Rodrigues’ formula using the following overall transformation r — r

Q = b+ —
||
r/ = f (r7 a7 977r)
I‘N - f (I'/, a7 QJ,’/T)
r = f (r//,a,w,a)

where b € {5,V 5,25}
and Rodrigues’ formula is

w X (r—a)

(r~<.u—a~ou)(1fcos@)("J

sinf + 2 (290)

f(r,a,w,0) =a(l —cosf) +rcosf +
|w] |w
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