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Abstract

The injection of a fluid containing a dissolved reactive species into a porous formation
consisting of an inert matrix, a precipitate of reactive species and a saturated solution
of the reactive species is investigated. A fluid front will initially propagate through the
medium marking a sharp interface between the injected and formation fluids. If the
injectate is undersaturated a dissolution reaction will occur upstream of the fluid front
leading to a growing region depleted of precipitate. The interface between this and the
newly saturated fluid shall be defined as the depletion front. If injectate and formation
initially differ in temperature a third thermal front shall propagate through the porous
medium at a rate necessarily slower than the fluid front since heat must flow through
both solid and fluid volumetric fractions. If the kinetics of reaction are sufficiently fast
a ‘sharp front’ model can be used to desribe the concentration and precipitation fields.
Mass and mass flux balances shall be used to derive analytic expressions for the fluid,
thermal and depletion front lengths in axisymmetric and linear media. A condition
will be derived to select whether the depletion front will lead or lag the thermal front.
In the latter case a double front structure is predicted since two different saturations
are possible either side of the thermal front. An initial experimental study with a
linear porous medium consisting of 0.5 mm glass beads and sodium chloride salt is
presented and compared with the predictions of the sharp front model.

A more extensive theoretical analysis involving the solution of the appropriate
continuity equations is presented for constant flowrate injection into an axisymmetric
medium. Analytic solutions are derived for the concentration and precipitation fields
when all diffusive processes are ignored and a long time asymptotic series is presented
when heat diffusion is included. In addition to these elements a novel (discrete) nu-
merical metaphor of the system is described and encoded with the MATLAB language.
The results of these computer simulations seem to compare well with the theoretical

predictions of the sharp front model.



Chapter 1

List of variables and definitions

1.1 Fixed physical and geometrical quantities

Wins

Wylass
Wyead

Pw
pglass

Pins

Cglass
Cins
Rw
Rins

Rglass

Length of linear porous medium

Width of porous medium

Depth of porous medium

Width of insulating material

Thickness of glass tank walls

Length of fluid region

Mean diameter of glass beads

Radius of axisymmetric porous medium
Density of water

Density of glass

Density of insulating material

Specific heat capacity of water

Specific heat capacity of glass

Specific heat capacity of insulating material
Thermal diffusivity of water

Thermal diffusivity of insulating material

Thermal diffusivity of glass

24
4.2

11

5

0.5

36

510

20

0.998

2.6

0.032
4.182

0.84

1.38

1.44 x1073
6.25 x1073
4.12 x1073

cm
cm
cm
cm
cm
cm
pum
cm
gem™
gem™
gem
JK1 g—l
JK-1g~1
JK-1g~1
cm?s!
cm?s!

cmes—



1. List of variables and definitions

1.1.1 Physical data specific to sodium chloride

Psalt
P fluid
Psolid
Csalt
Ciuid
Csolid
Rsalt
Rsolid
K fluid
D
Mt

14

1.1.2

Psalt
P fluid
Psolid
Csalt
C'luid
Csolid
Rsalt
Rsolid
K fluid
D
Msalt

1%

Density of pure solid salt

Average density of fluid region in formation
Average density of solid region in formation
Specific heat capacity of solid salt

Average fluid region specific heat capacity
Average solid region specific heat capacity
Thermal diffusivity of solid salt

Average thermal diffusivity of solid region
Average thermal diffusivity of fluid region
Salt bulk diffusion constant (in water)
Molar mass of salt

Stoichiometric ratio of precipitate to solute

2.170

1.23

2.46

0.86

1.74

0.85

9.70 x1073
5.7 x1073
7.5 x1073
1.611 x107°
58.443

1

Physical data specific to sodium sulphate

Density of pure solid salt

Average density of fluid region in formation
Average density of solid region in formation
Specific heat capacity of solid salt

Average fluid region specific heat capacity
Average solid region specific heat capacity
Thermal diffusivity of solid salt

Average thermal diffusivity of solid region
Average thermal diffusivity of fluid region
Salt bulk diffusion constant (in water)
Molar mass of salt

Stoichiometric ratio of precipitate to solute

1.46

1.74

2.12

1.82

2.95

1.12

3.01 x1073
3.8 x1073
2.3x1073
1.230 x107°
142.04

1



1. List of variables and definitions

1.2 Input parameters with typical values (Sodium Chlo-

Msalt

Ry

Ras

1.3

r
t

teool

t flush
Ltherm
tsd

thd
C

Text

ride)

Injectate ‘salinity’ (dissolved mass density)

Porous medium or ‘formation’ initial salinity

Formation solid salt density or ‘precipitation’

Saturation salinity of injectate
Injectate temperature
Formation temperature
Volumetric flowrate (variable)
Porosity of porous medium
Permeability of porous medium
Salt reaction time constant
Head driving flow

Mass of salt initially in porous medium

Saturated salt solution volume
Solvent (Water) volume

Mass ratio of glass beads to solid salt

Variables with dimensions

Radial coordinate

Time

Cooling timescale

Fluid flush timescale

Heat flush timescale

Salt diffusion timescale

Heat diffusion timescale
Formation salinity
Formation saturation salinity

Formation precipitation

Formation precipitation upstream of thermal front

Length of fluid front
Length of thermal front
Length of depletion front
Temperature field

Fixed external temperature

Darcy velocity field

0
0.325
0.54
0.323

24
~0.3
~0.5
~6 x10710
0.06

~420
1.1
2.5

cm

cm
°C
°C

cms



1. List of variables and definitions 4

1.4 Dimensionless variables

A Radial coordinate 5

T Temporal coordinate %

x  Salinity variable %
Xe Saturation salinity variable e
©  Precipitation variable %

o Extent that reactive species are advected 27%’]"%2
Br Extent of thermal diffusion %zt
B. Extent of salt diffusion %@T

0 Ratio of reaction induced to initial precipitation l(f)(—(f%

Cei —Ci

w  Saturation salinity variable at injector el
Fci

Pt1uidCriuid
P f1uidCriuid®+PsolidCsotid (1— )

©  Thermal parameter ‘Big theta’

K fluidP f1uid Cfluid @K solidPsoriaCsotia (1—¢)
P fiuidCriuid®+PsoridCsotia(1—¢)

K Thermal diffusivity parameter

F  Ratio of thermal to fluid front distances’ e)

0 ‘Big omega’ if ¢0O < (1 4 %)_1 2a@{1 _ (%@ (1 " %)—1}
0 Bigomesy if 60> (1+4)" 200 {1 B ¢@+e(£i¢®_1)}
T ‘Upsilon’ if ¢O < (1 + %)_1 qﬁ(gl—l

T ‘Upsilon’ if ¢© > (1+ %)_1 % {1 I Ggw+¢¢6®—1)}

®  Advection to thermal diffusivity ratio 2%—‘;

f  Extent of precipitation st_;sl

2
. . . L . . L
'For axisymmetric media, F = <f§) . For linear media F' = f;;



Chapter 2

Introduction

This study is motivated by the industrial problem of scale deposition in oil reservoirs.
In many hydrocarbon bearing formations, barium and calcium ions are found to be
dissolved in the mobile pore fluid. Seawater is often pumped into such systems with the
aim of displacing oil towards a well. Sulphate ions within the seawater react with the
barium or calcium species to form a precipitate. The barium sulphate variety is highly
insoluble in water and thus injection of seawater can induce solid deposition in the
formation. This will reduce the porosity (the connected volume fraction occupied by
mobile fluid) and can significantly effect the flow field within the reservoir, ultimately
impacting on overall well performance. Qualitatively, a reduction in porosity can
have a significant effect on the permeability’, the ratio of the volumetric flux per unit
area multiplied by fluid viscosity to the applied pressure gradient. Hence for a given
pressure applied to a reservoir, formation precipitation can noticeably reduce flowrate
and thus reduce the rate of oil recovery. The transfer of heat from formation to cooler
injectate with also modify this process as the saturation solubility of prograde salts like
Barium Sulphate increases with temperature. To combat the effects of scale deposition
may oil companies cease production at regular intervals and inject chemical inhibitors.
The cost of such a strategy is high and hence there is much desire to understand the
fundamental controls and dynamics of precipitation induced by injected fluid.

To contribute to the current understanding of these and other physically similar
systems such as geothermal reservoirs and limestone Dolomites?, a simple generic

model is described here in addition to a preliminary experimental study. The model

!Permeability k is known to vary strongly with porosity ¢. A well known empirical relationship
for structures consisting of packed spheres of diameter D is the Karman Cozeny equation k(¢, D) =

% = % ~ %Aqﬁ. For a change in porosity of 10% from 0.5, the resultant change in

permeability is ~ 100%.
?Limestone can transform to Dolomite when magnesium rich seawater percolates through a forma-
tion previously flooded with fresh water.
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considers injection of a fluid of known temperature 7; into a homogeneous porous
formation of, in general, a different temperature 7. The formation shall initially
contain volume fraction ¢ of mobile fluid saturated with a dissolved reactive salt. The
remainder will be composed of a defined proportion of inert porous solid and solid salt.
Thermodynamic equilibrium is assumed prior to injection. The injected fluid shall in
general be undersaturated with dissolved reactive salt. In the first instance the injected
fluid will simply displace the saturated formation liquid and the interface between
them shall be defined as the Fluid Front. Upstream of this a dissolution reaction will
occur between the injected fluid and the solid salt with the goal of saturating the
injectate, eventually leaving a region depleted of solid salt growing from the source.
The boundary of this region shall be defined as the Depletion Front. The degree of
saturation (and hence the amount of dissolution) will depend on the local temperature.
If injectate and formation are isothermal this will be fixed?. In the more general case
a Thermal Front will propagate through the medium marking the interface between
downstream formation temperature Ty and injectate temperature Tj. The effect of
this will be to dynamically change the dissolution reaction endpoint and in some cases
induce precipitation instead.

The system has been investigated in four ways. Firstly, salt mass and salt mass flux
balance calculations have been used to predict the extent of the two (or three) reaction
fronts, the resultant changes in salinity and precipitation and selection criteria to
predict the ordering of thermal and depletion fronts* in linear and axisymmetric media.
This will be referred to as the Sharp Front Model. In addition an asymptotic/similarity
solution method has been employed to solve the set of partial differential equations
which govern the flow. (Heat advection diffusion, salt advection plus reactions, an
equation of state for salt saturation vs temperature and fluid continuity). Analytic
solutions for constant flowrate injection into an axisymmetric medium are derived
for flowrate regimes such that heat and salt diffusion can be ignored and a long time
asymptotic series is presented for the intermediate regime where although salt diffusion
can still be ignored, heat diffusion cannot. The effect of the latter is to broaden the
thermal front.

To balance this theoretical approach a novel percolation-type MATLAB code has
been developed to visualize the problem via a numerical analogy (which seems to
match the mass balance predictions) and a series of experiments with a linear porous
media (consisting of glass beads and sodium chloride salt) has been conducted to test
the fluid and depletion front predictions of the Sharp Front Model.

3Note we ignore changes of saturation solubility with pressure. If large pressure gradients are also
present in addition to changes in temperature one will have to modify the models desribed here.
1f the latter leads, one does not see the former.
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This thesis is primarily based on current research at the BP Institute in Cambridge,
UK by Woods and Jupp [4] (thermal and depletion fronts in linear media) and the
published work of Phillips [7] . The experimental results presented form part of an
ongoing laboratory based study at the BP Institute. The results of Bell and Shaw-
Champion [10] are referred to in the text and possible future experiments to highlight

thermally driven reactions are described in the conclusion of this report.

Injection of fresh
water at temperature
I

i

Q Cylindrical bead pack
plus solid salt resulting
in connected porosity ¢

Minimal pressure loss outlets

Cylinder initially full of saturated salt solution
at temperature 7,

Figure 2.1: Injection of undersaturated (fresh in this example) fluid into an axisym-

metric porous medium containing solid reactive species, inert matrix and saturated
fluid.



Chapter 3

Physical analysis of system: The
Sharp Front Model

Before the salinity, precipitation and temperature fields are solved via detailed math-
ematical analysis it will be informative to predict, using simple physical arguments,

the range of possible solutions and the selection criteria for such.

If conditions are such for Saffman Taylor type instabilities to be suppressed!, in-
jection of fluid into a cylindrical formation should result in the propagation of reaction
fronts radially through the medium. i.e. the salinity, precipitation and temperature
field should follow ‘s shaped’ curves between the unreacted formation downstream to
the injectate upstream. Let us simplify this situation further by ignoring diffusive
processes and reaction kinetics and thus consider stepwise jumps in our field solutions.
In this case a simple transformation relates the axisymmetric solutions to those for a

linear geometry. [4]

Consider a stepwise jump in salinity as illustrated in Figure 3.1. The amount of

salt contained within our porous medium over the length scale range [a, b] is:

e Axisymmetric geometry (c1 — e2)m(b? — a®)w 2

e Linear geometry (c1 —c2)(b—a)lw 3
When comparing ‘shaded regions’ one matches the absolute areas in the linear case.
To convert to axisymmetric solutions, where annuli are equated, transform all linear

length scales to radii by squaring.

'See appendix.
2w is the height of the cylindrical bead pack.
3lw is the cross sectional area of a rectangular bead pack used for linear geometry.
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a

()
(3

Figure 3.1: Stepwise jump in salinity from ¢y to ¢; over the range of length scale [a, b].

i.e. For a single reaction front, one can show that for linear geometry the depletion
front Lp is related to the fluid front Lp by the equation*:

Lp = (1 + %)1 Lr (3.1)

For axisymmetric geometry the corresponding result is found using L — L?

i.e.

N[

Lp= (1 + %)_ Le (3.2)

In the analysis below we will discuss a linear medium because of its geometrical
simplicity. The above transformation will then be used to derive corresponding results

for axisymmetric geometry. All figures will refer to the axisymmetric geometry.

3.1 Depletion, Thermal and Fluid reaction fronts (for lin-

ear porous media)

If one ignores the reaction of the injected fluid with solid reactant amongst the porous
medium, injected fluid will simply displace fluid already present. If diffusion is also
ignored then a sharp front will mark the boundary between injected and downstream
regions. We will define this to be the fluid front. In addition, heat transfer from

injected to downstream fluid will, in a similar manner, result in a thermal front. Unlike

*These equations are given merely to illustrate the lengthscale transformation between linear and
axisymmetric geometries. All equations will be properly derived below.
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the fluid, heat will flow through the entire medium rather than simply through fraction
¢ occupied by mobile fluid. This extra ‘inertia’ prevents the thermal front from ever
travelling faster than the fluid front.

A thermal front implies a boundary across which is a jump in saturation salinity.
Ahead of this boundary a disequilibrium of dissolved salt drives reactions which may

%, If undersaturated fluid is injected the finite

result in dissolution or precipitation
amount of solid salt initially mixed with the porous medium will cause an additional
depletion front to propagate. At the inlet, undersaturated injected fluid will dissolve a
portion of solid salt already present in the medium before being advected downstream.
This process will occur continuously until, at the inlet, no solid salt remains. From
this point in time onwards injected fluid will remain at the injection salinity as there is
no solid salt to dissolve. From the injected fluid’s perspective the inlet (the separation
point between injected fluid and potentially reactive species) has now moved slightly
downstream and thus the process repeats as this depleted region propagates through
the entire medium.

Unlike the fluid front, which must travel fastest, the ordering of thermal and de-
pletion front velocities is dependant on the initial properties of the medium and the

injected fluid. T'wo regimes are apparent.

1. Depletion front leads thermal front. In this case no reactions can occur since no

solid salt is available downstream of the thermal front.

2. Depletion front lags thermal front. In this case precipitation or dissolution will
occur in the intermediate region between the thermal and depletion fronts, lead-

ing to a double front structure.

Let us consider cases (1) and (2) separately. Define fluid front, thermal front and
depletion fronts to be marked by lengths Lg, LT and Lp. Define the ratio between
thermal and fluid fronts to be

F=
Lp

;o <l

3.1.1 Depletion front leads thermal front

Lp can be determined as a fraction of Ly by considering the balance of salt mass
dissolved into solution to salt mass removed from medium. We shall include a param-
eter v to take into account more general stoichiometries of dissolution, precipitation

reactions. (1 mole solute «— v moles of solid). For sodium chloride this is unity.

>Note the fluid front travels faster than the thermal signal so thermally driven reactions occur when
saturated fluid crosses the thermal front and then becomes either undersaturated or oversaturated.
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Referring to Figure 3.2 one can balance salt by equating the shaded areas scaled by ¢

or v(1 — ¢) for salinity and precipitation respectively.

v(1 —¢)Lpsy = ¢(Lr — Lp)(cy — ci) (3.3)
= M(LF —Lp)=1Lp (3.4)
v(1—¢)sy

Define o )

_ Plep—ci
0= (= 0)ss (3.5)

Hence

LD(1+9) =60Lp (36)

= -1
Lp= (1 + %) Lg (37)

Now for the depletion front to lead the thermal front Lp > F' Lr. Using (3.7) this

criterion becomes:
Depletion front leads thermal front

Fe—r (3.8)
1 _
Y

3.1.2 Depletion front lags thermal front

In this case salt mass balance is insufficient to fully solve the problem as one does not
know the change in precipitation s (from s to s’) in the thermally reactive region.
The missing equation is the conservation of salt mass flux across the thermal front.
Referring to Figure 3.4 we can write down these conservation laws simultaneously and

solve for Lp and s'.

Salt mass conservation (match shaded areas)

v(1—¢)Lpsg+v(l —¢)(FLp — Lp) (sf — ')
= gb(LF—FLF)(Cf—Ci)+¢(FLF—LD)(Cei—C¢) (39)

Define ,
_S5fr—S

Sf

f (3.10)
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dc,
Prograde salt <= >0

T, < Ty Ce

C; < Ce (Tj) 1
Lp > Ly - T, -T
s Depletion front
Ce (Tz ) ——
&
> 7
S a
Depletion front
" —————
o L,
" - (22) )

_ Plep—cy)
0= v(l—¢)sy

Figure 3.2: Snapshot of axisymmetric salinity and precipitation fields in the sharp
front approximation. The shaded areas indicate salt lost or gained. If one scales the
axes by ¢ and (1 — ¢)v respectively, the volume of revolution of the shaded areas will
be equivalent since salt is conserved. In this particular case ¢y > c.; and the depletion
front leads the thermal front.
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Prograde salt 4¢= > ()

dT
T,L‘ > Tf Ce
¢i < co(Ty)
Lp > Ly
Ce (Tz) I Depletion front
Ce(Tf> I P — 7777; Fluid front
> T
S 4
Depletion front |
Sf _
0 .

_ plep—cy)
0= v(l—¢)sy

Figure 3.3: Snapshot of salinity and precipitation fields in sharp front model. In this
case ¢y < ¢ and the depletion front leads the thermal front.
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and
Cei — G
e = A1
w p— (3.11)
=
LD+(FLF—LD)f:(9(1—F)LF—|—9(4)(FLF—LD) (3.12)
- 01— F) + QwF — fF
[e— w [e—
Lp = ( = 7+ 0w ) Lp (3.13)

Now for the depletion front to lag the thermal front Lp < FLp. Using (3.13) this

criterion becomes:

Depletion front lags thermal front

1
F> — (3.14)
14+ =
"7
Conserving salt mass flux at the thermal front we find®: (using shorthand L= %
and assuming F' is a constant)
¢(cr — ci)(Lr — Lr) = ¢(cei — ¢;)(Lr — Lr) + v(1 = ¢)(sy — &) L (3.15)
salt flux if‘nro reactions dissolved salt flux precipitative flux
- 01— F)(1 —w)
— —w
= 3.16
/ ) (3.16)
Hence o1 — FY(1
s = (1— (- ;( _”)>sf (3.17)

Substitution of this result into (3.13) yields an expression for the depletion front

length in terms of known parameters.
(3.18)

Fow
Lp = L
b (F+mw+F_n> F

Note precipitation will occur between the thermal and depletion fronts if s > sy.
Using the formula above and noting 0 < F' < 1, one finds that for precipitation to

occur §(1 —w) <0
%Note that the dissolved salt, and hence the salinity field moves at velocity Lr relative to the

porous medium, whereas the precipitation is static. Hence the Lr — Lt terms.
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Cei > Cy (3.19)

This result may at first glance appear counter intuitive. Assuming a prograde
salt solution, (where saturation solubility increases with temperature) injection of hot
solution into a cold formation will result in precipitation, despite a zone of greater
salinity between the thermal and depletion fronts. To explain this let us track a fluid
parcel as it enters the medium. Initially the parcel has salinity ¢; and desires to
dissolve enough solid salt to reach saturation cg;. The parcel initially travels through
a depleted zone and remains at salinity ¢; until it reaches the depletion front. From
this point onwards it rapidly dissolves salt and reaches saturation. (Infinitely rapidly
in the sharp front approximation). The effect of this is to increase the length of the
depleted region. The fluid parcel will eventually overtake the thermal front. Beyond
this the saturation decreases from c.; to ¢y and hence the fluid parcel now at salinity

ce; will have to precipitate salt.

. . . 9(1—F)(1—
A critical value of c.;, ¢, will reduce s’ to zero. This occurs when w =

I:wzl—ﬁ. Hence

(1 —=¢)vsF

=) (3.20)

* J—
Cei = Cf —

ce; must be greater than zero and hence this definition is only valid if ¢y >
%. A problem now arises if c.; < ¢}; since it is unphysical to have a nega-
tive precipitation. The only possible solution is a transformation to a single front
system, i.e. with the depletion front now leading the thermal front. This transforma-
tion is justified theoretically by applying the condition that the fluid front must always

lead the depletion front. Using (3.18) this criterion becomes

Fow

1
TFi0wirF 1)

(3.21)

F+0w+F—-1) > Fbw

wd(l—F) > O0(1—F)—F
> 1 a

“ 1-F)o
Hence a negative s’ for c.; < ¢}; cannot occur without contradicting the fact that

the fluid front must exceed the depletion front. We can deduce from this that the
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double front assumption (which allowed us to derive the above expression for the
depletion front) is invalid and hence only the single front model is appropriate for

*
cei < Cez .

3.2 Derivation of fluid and thermal front lengths for lin-

ear and axisymmetric media

3.2.1 Linear porous media

If fluid is injected at volumetric flowrate @) into a rectangular medium of porosity ¢,

cross sectional area wl and has migrated a distance Ly in time ¢

Qt = ¢Lpwl (3.22)
= ot
Le =20 (3.23)

A similar balance can be written down for the heat injected into the medium up

to distance L.

P 11idC rruid@t = {P 1uiaCrruia® + PsoriaCsotia(l — ¢) } Lrwl (3.24)
- o0t
Ly = —— 2
T wl (3.25)
where
0 pfluzd fluid (326)

B PfluidCfluid¢ + PsotiaCsotid(1 — ¢)

Hence for linear media

ot g4 (3.27)
Lp

Note ©¢ can be written as

1
Gd) - 1 pgglz’dcsolid(lf(z)) (328)
P f1uidCfluid®

Pso1idCsotid(1=9)

s cannot be negative (0 < ¢ < 1) this demonstrates that

Since

0<F<1 (3.29)
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Prograde salt ZLT >0

T, < Tf

Ce

Thermal front

o ()b

Depletion front

Ce (Tz ) \ ——— Fluid front

A 4
<

Thermal front

Depletion front |

J—

— 0w 2
Lo = (7ot ) Lr

2
_ q5(cf—c,,;) _ Cei—Cj
) 0= v(l—a¢)sy W= cr—c;

Figure 3.4: Snapshot of salinity and precipitation fields in sharp front model. In this
case ¢y > ¢ and the depletion front lags the thermal front.
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dce
Prograde salt = >0

Ce
I, > Ty
c; > c.(Ty) //
| .7
Lp < Ly Ty T

Fluid front

- |.—
e o =

-

o — (1 _ 0(1—F}(1—w)) sy

Thermal front‘i

[

_ FoOw |
Lp = (m> Ly

2
I o(cr—cy) Cei—Cj
F—_(_Li) = 2ler—ci) w = L=l

T v(l—@)sy cr—cg

Figure 3.5: Snapshot of salinity and precipitation fields in sharp front model. In this
case ¢y < ¢ and the depletion front leads the thermal front. In addition ¢; > cy.
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C

lce
-+ >0

Prograde salt
T, > Tf
Ci < Ce (Tf)

Lp <Ly ff T

Thermal front

A
ce(T;)
Depletion front
Ce (Tj) - == _\'i /Fluid front
&
> T
S
Depletion front PE— 3, = (1 — 49(1_F}(1_W)> sy
Sy
Thermal front
— /
0 o

o [eQr\? Qr?
we (W) e - (G5)

_ FOw 2
Lp = (m) L

2 ) ]
_ L i ¢((:f_ci) — Cei—Cy
F = (—1> 0= v(l—0¢)sy i cp—c;

Figure 3.6: Snapshot of salinity and precipitation fields in sharp front model. In this
case ¢ > c¢; and the depletion front leads the thermal front.
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3.2.2 Axisymmetric porous media

If fluid is injected at volumetric flowrate @) into a cylindrical medium of porosity ¢
and depth w and this fluid has migrated a radial distance Lp in time ¢t

Qt = prwlL (3.30)
= 1
Qt \?
Lp=(— 3.31
) <¢mw (331
Repeating the same argument for the injection of heat we find
1
t\ 2
Ly= <%> (3.32)
W

Hence for axisymmetric media
Lo\ 2
e <_T> _ 06 (3.33)
Lp

(Note our definition of F incorporates the L — L? transform converting between

linear and axisymmetric coordinates).

Using F' = O¢ we can express the criterion for the thermal front to lead the

depletion front (valid in both geometries) as

1
F > —T (334)
1 —
9
=
Vs > psolidCSOl’id (335)

cr ¢ PruidCriuid
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3.3 Summary of formulae for reaction front lengths

3.3.1 Linear porous media

Qt
Lp = = 3.36
P- (3.36)
ot
Lr = —— 37
p = (3.37)
F=0¢ (3.38)
depletion front leads thermal front, F' < 1i T
9
1\ !
LD = (1 + 5) LF (339)
depletion front lags thermal front, F' > 141— T
0
FoOw
Lp = L A4
b <F+9(w+F—1)> F (8.40)
3.3.2 Axisymmetric porous media
L @t : 3.41
) 4l
1
OQt\ 2
Ly = (_Q) (3.42)
W
F=0¢ (3.43)
depletion front leads thermal front, F' < 1i T
9
1
1\ "2
Lp= <1 + 5) Lp (344)

1
1+5

depletion front lags thermal front, F' >

N

Fow
Lp= <F+9(w+F—1)> Lr (3:45)



Chapter 4

Apples and baskets: A numerical

analogy

A quasi-discrete model of precipitation/dissolution reactions caused by injection of

undersaturated saline into a initially saturated linear porous medium.

Model is as follows. Consider an infinite line of baskets, each containing B apples.
(c.f. precipitation s of saturated medium). Each basket has beside it a person whose
sole aim in life is to eat apples. KEvery person has a maximum apple capacity of
ce apples and initially each person along the line has this number contained within
their ample stomachs. A whistle is blown every At seconds and the line of people
shifts along one basket. Between then and the next whistle they are allowed to eat
up to NV apples until they have reached their limit of c.. N is proportional to the
difference between the current person apple content and their maximum capacity and
the number of apples in the basket. The first basket is presented with a hungry
person, initially with ¢; < c. apples in his or her stomach. Hence between the first
and second whistle he/she consumes apples from the first basket. After the second
whistle another hungry person is introduced to the first basket (now containing less
than B apples) while the previously hungry person eats more apples from the second
basket, if he/she is not already full. In addition to this a ‘chinese whisper of hunger
change’ travels along the line at fraction F' of the speed of line movement. (F < 1).
Upstream of this shock the apple capacity c. is changed from cy to c.;. Persons may
discover that their apple content exceeds their maximum apple capacity. In this case
they ‘put back’ apples into their local basket according to the same law as for apple
eating. A MATLAB program creates a basket and person array representing the
first M baskets and a simulation is run according to the rules above. A graph of apple

number is plotted as a function of basket number for both arrays each time the whistle

22
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ti= Al

2 3

LA

o AR
e XA
ea X X R R
e e

Figure 4.1: Ilustration of Apples model. A simplified version of the apple eating law
is used - only one apple can be consumed between whistles. (i.e. in time interval At).
Persons have a red hue when saturated with (five) apples. After twelve time intervals
one can see the development of a depletion front as the first few baskets become empty.

is blown. Sequentially numbered BMP files of these graphs are created for animated
GIF creation. The model is described as quasi-discrete because although time step
between motions of the person line is fixed and non zero, the number of apples that

can be eaten/regurgitated between whistles need not be integer.

Persons are the analogue of fluid moving through a (linear) porous medium whereas
apples in baskets model the solid salt deposits. The front of line progression is anal-
ogous to the fluid front and the ‘hunger change chinese whisper’ analogous to the
thermal signal. A depletion front is common to both systems.

One should expect the linear sharp front analysis above to predict the basket

number of line, hunger change and depletion fronts. Since the apples model has no
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analogue of porosity and apples eaten have the same numerical currency as apples in

baskets, stoichiometry v and porosity ¢ will be set to 1 and 0.5 respectively. Equations

for the basket number positions of line, hunger change and depletion fronts in the

apples model after n blows of the whistle are thus:

depletion front leads hunger change front, F' <

depletion front lags hunger change front, ' >

LF = nAt (4.1)
Ly = FnAt (4.2)
o = % (4.3)
Cei — G
= 4.4
w = (4.4)
1
1+
1 -1
Lp= (1+5> Lp (4.5)
1
1+5
Fow
Lp = <F+0(w+F—1)>LF (46)

The final images of five different scenarios are illustrated below. The curves of

person and basket apple content (plotted against basket number) are generated by the
MATLAB code and are shown with indicators predicted by the theory above.

Black asterisk v
Green asterisk
Red asterisk *

Green line —

Line (‘fluid’) front
Hunger change (‘thermal’) front
Depletion front

Basket content downstream of depletion front (c.f. s')

Theory seems to match the numerical results rather well, though some additional

observations are worth recording.

e In the region between hunger change and depletion fronts, the apples in baskets

curve is somewhat noisy.

e The fronts themselves have a continuous structure. Note diffusive processes are

not modelled.
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Figure 4.2: B=12 ¢; =0 ce; =5 ¢y =10 F = 0.2. Single depletion front.
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Figure 4.6: B=12 ¢; =7 ¢, =10 ¢y =5 F=0.7



Chapter 5
Experimental analysis

The theory (for linear porous media) derived above will be tested in the laboratory.
Only a preliminary study will be described here. It is hoped that future work in this
area can expand upon the experiments described below and employ a cylindrical rather
than rectangular tank.

The experimental setup will be described below and its known physical properties
used to predict the whereabouts of fluid, thermal and depletion fronts, plus the degree
of precipitation if the injected fluid is of a different temperature to the formation. The
timescale for the reaction fronts to propagate through the formation will be compared
to those for diffusion and temperature equilibration with the surroundings. For the
theory to be applicable the latter two must far exceed the former.

At the time of writing a substantial series of isothermal® experiments using sodium
chloride salt has been performed, culminating in three repeated runs. The processed
results are described below and compared with the sharp front model. An initial
investigation using sodium sulphate and differing injectate and formation temperatures
has also been conducted.? The methodology and observed problems of the current
iteration of this experiment will be discussed.?> The practical knowledge acquired in
the running of both sodium chloride and sodium sulphate tests is planned to be used
in the design of new experiments in a radial geometry to hopefully compare directly
to the axisymmetric theory that forms the bulk of this thesis. Preliminary details of

these plans will be discussed in the Conclusion.

li.e. the injected fluid is the same temperature as the formation - hence no thermal fronts.

>The significant change (> 10%) in saturation solubility of sodium sulphate over a 10-20 degree
temperature deviation from laboratory conditions allows for changes in salinity or precipitation up-
stream of the thermal front to be observed. The changes for sodium chloride are some two orders of
magnitude less. See Appendix for the temperature variation of saturation solubility for solutions of
both salts.

3With the current system the medium appears to coalese into impermeable aggregates of salt and
beads soon after the injection of cold fresh water. These arrest the propagation of the fluid front.

30
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5.1 Schematic of laboratory setup

e The porous medium consists of a 11 cm deep homogenous cuboid of 425-600
pm glass beads and solid salt with rectangular cross section 24 x 4.2 cm?. This
sits on a 2.5 cm deep layer of 1.5 mm beads and this in turn on a 2 cm layer of 3
mm beads. The entire bead pack rests on a plastic drain raised 4 cm above the
base of the tank. Fluid can pass through the bead pack and through the drain
whereas the solid salt is prevented from falling through the drain’s holes by the

additional layers of glass beads.

e Horizontal lines every 1 cm are marked on the exterior of the tank. Images of the
bead pack are recorded via a digital camera at regular intervals. The guidelines

allow front lengths to be discerned from the images.

e Fluid will pass from the drain into a large purely fluid filled region of length
ls = 36 cm. This is connected to a beaker atop a mass balance via a siphon and
a constant head is maintained between this and the porous region to drive a flow
through the system. The porous region is topped up from a large reservoir of
unsalty injectate (coloured red with food dye) forming a perpetual layer 4.5 cm
deep above the glass beads. The reservoir (a large tank with a tap at the base)
is raised on a jack above the injectate fluid layer and fluid flow is controlled via
a screw clamp. The author found this method of inflow preferable to a second
siphon based ‘constant head machine’ controlled by the raising of the reservoir

(to compensate for the reduction of fluid height due to outflow) via a jack.

e A serial port connection between the mass balance and a computer automatically
records the mass of fluid displaced from the system. If the salt content of this
fluid is also recorded (and thus the total density deducible), the time derivative
of mass/density will yield a continuous log of the volumetric flowrate through

the system.

e An array of thermocouples embedded vertically in the bead pack are also con-
nected via serial link to a computer. If uniformity in cross section is assumed,

these should give an indication of the extent of the thermal front.

e Single or arrays of needles can be inserted into the medium and used to record the
fluid salt content by extracting small samples and recording a Brix measurement

with a digital refractometer.

e The experiment is contained within a 5 mm thick glass tank surrounded by Dow

Floormate 200X insulating material to reduce heat transfer with the surround-
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Tank containing
dyed fresh water Recorder

lem diameter

0.6cm perspex wall i
inlet pipe with tap to yyl Tap ﬁ' ﬁ' Syringes persp Siphon
control flow _ g
0 M ]
45cmfluidlayer — | I 2¢m head
1lem layer
425-600 micron ballotini
plus saturated salt (aq) Needles
plus solid salt — 25cm
2.5cm layer of 1.5mm beadpack plus Saturated salt solution Mass
saturated saline but no added ——— | at lab temperature balance
salt
I
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salt [ —

Fluid only permeable membrane Thermocouples Tank (4.2cm wide)

All tank dimensions are INTERNAL. Tank contains a 0.5cm thick glass wall and sits on a 10.4cm deep layer of
Dow Floormate 200-X insulating material.

Figure 5.1: Experimental setup

ings. The reservoir is enclosed in a sarcophagus of such material and the tank
enclosed by several removable panels to allow photographs to be taken at regu-
lar intervals. The inlet pipe is surrounded by foam padding to achieve a similar
effect.

5.2 Calculation of input parameters from easily measur-

able quantities and physical data

Let porous medium contain mass mg; salt and mass mg.Ras of glass beads of
diameter weyeqq. If salt and glass specific heat capacities are Cyqy¢ and Cgjqss respectively

then the average formation solid region specific heat capacity is

Csalt + 8%G’S’C’glass

Csolid = 5.1
solid 1+ éRGS' ( )
A similar average can be defined for the solid region thermal diffusivity.
R
Kaolid = Ksalt + GSHKglass (52)

1+ Ras
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If the tank interior has volume [wH and solid region occupies volumetric fraction

1 — ¢, the average solid density is

o msalt(l + gfeGS)

= 5.3
Psolid (1 — Cb)hUH ( )

whereas the formation solid salt density, or ‘precipitation’ is
msalt (54)

T 0= g)wH

Initially, the porous medium contains volumetric fraction ¢ of saturated salt solu-
tion at temperature T;. The ratio of salt mass to water mass sy in this solution

can be found from the solubility S, the fraction of salt mass to total solution mass.

S
Resw = —— 5.5
sW=1"73 (5.5)
The solubilities of sodium chloride and sodium sulphate are known empirical func-
tions of temperature. (Variation with pressure is neglected). These are given in the
Appendix. If the ratio Ry of saturated salt solution volume to volume of water used is
known in addition to the density of water, one can calculate the density p ;4 of the

saturated solution and salinity cy , the initial mass per unit volume of salt dissolved

in fluid region®.
pw(l + §RSVV)
P fluid = T Ry (5.6)
pw%SW

In an analogous manner to above one can compute averages for the specific heat

capacity and thermal diffusivity of the fluid region of the porous medium.

Csalt + §RS’ WCw

Cluia = (5.8)
f 1+ Row
wid — ~ 1, o .
! 1+ Rsw
4 sal ass rate ass fluid vol 3 salt mass
pfl"“;d = =4 mﬂ‘l:isdt'(:‘l\:;(r‘, ===, Now §RV = W:xltlcr\v(;ll:lnr;(e and éRSW = W::t::rmm);;s - Hence

_ (4+Rsw) water mass __ py, 1+Rsw)

pfluid - Ry water volume Ry
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Lastly, the medium porosity ¢ can be estimated from known parameters.

Msalt + msalt%GS

(1 —-¢)wlH =
S S——

solid volume

(5.10)
Psait pglass
N~ ——

salt volume glass volume

1 §RGS’ Msalt
=1- A1
¢ (psalt * pglass) wlH <5 )

Note this very likely to be an overestimate since ¢ corresponds to the connected

porosity rather than simply than 1 - solid volume fraction.

5.3 Calculation of important experimental timescales

For practical purposes it is important to know the approximate running time of an
experiment and how this compares to the timescales associated with neglected effects
such as heat loss though the walls of the tank and diffusion of salt and heat.

If fluid is injected at volumetric flowrate ) into the porous medium with volume

wlH and porosity ¢, the time for injected fluid to flush though the medium is

wiH
Uflush = puid 0 (5.12)

If the injected fluid is of a different temperature to the formation, heat will prop-

agate through the entire medium after a time t;eppm,.

P #1idC piuidQttherm = {0 f1uidC piuia® + PsotiaCsotia(1 — @) } wlH (5.13)
- 1 wlH
w
Eiherm = — ot 5.14
th o 0 (5.14)
where
o P fluid" fluid (5.15)

B P fiuidC fuid® + PsotiaCsolid(1 — ¢)

One can show that the typical timescale for a diffusive processes is proportional
to the square of the diffused distance. (For example, a random walk mechanism in
discrete systems). Hence we can define timescales for thermal and salt diffusion along

the depth H of our experiment. D and & are the respective bulk diffusion constants’.

>The bulk thermal diffusivity is given by
KfluidP fluid Cfluid Pt RsolidPsolid Csolid (1—®)

R =
PfluidC fluid®tPsotidCsotid (1—)

. A derivation of this is given on page (52)
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H?
tog = — 1
sd D (5 6)
H?
g = — 1
td = — (5.17)

Finally, one must consider a heating or cooling timescale if injected fluid is of a

different temperature to that of the formation initially.

If heat is transported only by conduction (diffusion) from a volume V' of density p,
heat capacity C' and thermal diffusivity x at temperature 7'(¢) to ambient surroundings
at temperature T,y through bounding surface S; conservation of heat yields (if one

assumed Fourier’s law for heat conduction)

—2/ pC’TdV:/HpC(—VT)-dS (5.18)
ot Jy s

If the volume is a slab of homogenous material of thickness § and cross sectional
area A (where /A > §) we can approximate the above by a simple ordinary differential

equation for T'(t). (Only considering conduction through one surface).

dI'  kpCA(Tews —T)

A== = 1
pCAS o 5 (5.19)
= T !
dT K
—_— = —t 5.20
/1:‘0 T@It - T/ 52 ( )
=

Kwt

T(t) = Text — (Text - TO)eiyz (521)
Hence we can define a cooling timescale

52
teool = — .22
1= (5.22)

We can calculate this by averaging over the entire volume of our experimental

apparatus, including tank walls and insulation.

w; v, 2 IH
toool = glass ( glass> 4 < w > ((25'11) ) + (5‘23)
Rglass V;Sotal R fluid %otal

w? (1-— ¢)wZH> <w2 > < Vins )
() (2 5.24
("isolid> ( V;‘,otal Rins V;Eotal ( )
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Assuming glass and insulation are uniform in thickness, the experiment has a lid
consisting purely of insulating material and ignoring losses through the base of the

tank (it sits on a three-ply layer of insulation) the glass and insulation volumes are

valass = 2(l + ls + 2wglass)nglass + 2wnglass (525)

long walls side walls

Vins = 2([ + ls =+ nglass =+ 2me)H’wini+ Q(w + 2wglass)Hwins (526)

long walls side walls

+(l + ls + 2'wglass + 2w'ms)(w + 2Wins + 2wglass)wins (527)

lid

The total volume is given by

Wotal =wlH + Vglass + V;ns (528)
5.4 Experimental methodology and observations

5.4.1 Sodium Chloride experiments

e Preparation of a homogenous salt plus bead pack required the mixing of two
different sized grains. To minimize inevitable stratification the smallest size of
ballotini was chosen (0.5 mm). The medium was laid down in approximately
1 cm thick layers, each containing 40 g of salt and 100 g of ballotini mixed
dry in a beaker and then poured into the tank already filled with saturated
solution. Each layer was carefully mixed with the previous in an attempt to
homogenize the boundaries. This was only partially successful as interfacial
regions with slightly different salt to bead ratios were often observed to form
as the experiment was set up and run.’ These interfaces were observed to act
as higher permeability channels as the dyed injected fluid propagated sideways
rather that purely downwards. This, in conjunction with the disrupting effect
of the thermocouple array, could have played a part in the perturbation of the

fluid and depletion fronts. (See illustration below).

e The siphon at the outlet was connected to a shallow bath hollowed out of plastic

with a ‘plughole’ positioned over a large beaker placed on a mass balance. The

5The entire process took several hours. An entire run took a full day to complete and clean up.
The tank was emptied using a siphon with a rigid nossel that could be used to suck up ballotini. The
latter were collected in a fine sive and dried in an oven overnight. The three grades (3 mm 1.5 mm
and 0.5 mm) were separated dry the following day using three grades of sieve.
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Figure 5.2: Photograph of a depletion front in a sodium chloride plus 0.5 mm ballotini
bead pack. The depleted region is artificially coloured for clarity. Note non linearity
of front.
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Figure 5.3: Photograph of a fluid front in a sodium chloride plus 0.5 mm ballotini
bead pack. The front marks the interface between fresh water (coloured with red food
dye) and saturated sodium chloride solution.
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siphon, bath and fastenings connected to a retort stand were placed on a platform
that could be raised or lowered to fix the system fluid head. The separation
of mass balance and reception beaker to the siphon meant any leakages could
be kept clear and the reception beaker could be changed when full without

disrupting the system.

e Pre injection, the level of saturated solution in both regions of the tank was left
to equilibrate at the height of the fluid bath. The 4.5 cm fluid layer above the
bead pack was then topped up with injectate by this amount minus the desired
head . On reflection I think a better procedure would have been to lower the
height of the fluid bath (from an initial height that gives a 4.5 cm layer above
the bead pack) to create the desired head and top up loss of fluid on the bead
pack side of the experiment with injectate. This removes the need for an initially
high injectate flowrate to perform the ~ 2.5 cm top up. On a few occasions this
jet of fluid (compared to a drip) disrupted the upper surface of the bead pack

and behaved initially as a point rather than distributed source.

e As salt was depleted from the bead pack the medium was observed to compact
by an amount commensurate with the volume fraction of salt dissolved. If the
ballotini : solid salt ratio Rgg is high enough for depletion of salt to not result
in a structural collapse one would expect a linear decay of volumetric flowrate
through the system as the pressure loss across the bead pack is diminished”.
Unfortunately this scenario gives rise to such a small contrast change between
the depleted and undepleted regions that a tracking of the depletion front from
time lapse photographs becomes impossible. (This was discovered experimentally
with Rgs = 10, hence the reduction to 2.5). With continuous compaction one
might expect an exponential decay of flowrate. The gradient of mass balance
readings with time yields a recording of mass flowrate against time. It was
observed that the density of outflow fluid changed little over the experimental
timescale (from saturation) and thus by dividing by the fluid density one can
arrive at a graph of instantaneous flowrate during the experiment. The results
(as illustrated below) we clearly non-linear and plots of In @, ¢ and In @, In @) were
compared to assess whether an exponential or power law was more appropriate.

In all cases the former gave a better x2 fit to the data.

"We are qualitatively invoking Darcy’s Law which states a proportionality between the volumetric
flowrate per unit area and the imposed pressure gradient.
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Figure 5.4: Outflow mass flowrate plotted against experimental running time.
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Figure 5.5: Test for exponential time dependance of flowrate.
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Figure 5.6: Test for power law time dependance of flowrate.

5.4.2 Sodium sulphate experiments

e The methodology for these preliminary tests was identical in concept to those
for Sodium Chloride except for the encasing of the experiment in insulation ma-
terial and a change in injectate temperature. The latter was achieved by placing
the reservoir tank in a fridge overnight. Although the injectate and formation
temperatures deviated little over the ~ seventy minutes running time (indicat-
ing satisfactory performance of the insulation strategy) it was observed that the
actual injection temperature was 14°C compared to a steady reservoir temper-
ature of 7°C. More surprising was the subtle positive deviation in temperature,
(~ 2°C) between the formation and tank fluid and the laboratory, despite the
saturated solution being left to equilibrate overnight before being poured into
the medium. Assuming the sodium sulphate solution to be super-saturated, a
possible explanation of this effect could be a growth of crystals via an ‘Otswold
Ripening’ mechanism®. This would produce heat due to the reduction in surface
energy of crystals present in solution as they coalecse. This would also offer an
explanation for the solidification of much of the bead pack which arrested the

propagation of the fluid front.

$Where larger crystals nucleate and feed on smaller ones present in a super-saturated solution.
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5.5 Experimental results and comparison to ‘sharp front’

predictions

For each data set, an analytical form of the volumetric flowrate is defined to be

Q L t
= e 5.29
cm3s~! pﬂmde P60 s (5:29)

with the parameters ¢y and ¢; obtained from a linear fit y = qg 4+ q1x to a graph

of y = In(mass flowrate/gs~!) against = time/minutes.

In the derivation of the sharp front model above a constant flowrate () is assumed
which gives rise to a fluid front length Ly = % However, unlike in the solution of the
conservation equations for salinity and precipitation fields?, there is no restriction on
the time variance of () in the sharp front model since all mass and mass flux balance
computations refer to an arbitary time snapshot. Hence if we redefine the thermal and
fluid front lengths to be

]‘ t / /
Ir = 2 / Q(t')dt (5.30)

@ t / /
Lr = m/ Qt)dt (5.31)

we can use the empirical form of ) above in our predictions for the reaction front

lengths and changes in salinity and precipitation upstream of the fluid front.

For sodium chloride experiments, observed reaction front lengths are compared
with theory in figure 5.7. Predicted reaction front lengths for axisymmetric media are
also presented for an otherwise identical system plus a parallel series of graphs for
sodium sulphate. In addition, two snapshots of predicted salinity and precipitation
fields assuming an initial formation temperature of 24.5°C and injectate temperature
of 5°C are shown, comparing sodium chloride and sodium sulphate. In these latter
figures the differences between the properties of both salts is most apparent.

Good agreement is seen between observed and predicted lengths of the fluid front
in figure 5.7. A less than impressive correlation is seen for the depletion front. The
difficulty in recording an accurate position of the front could perhaps contribute to this

discrepancy. A moving average was taken of this quite perturbed interface. Although

9See next chapter.
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Reaction front lengths in linear Porous media
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Figure 5.7: Plot of experimentally determined reaction front lengths against theoret-
ical predictions. A medium with 10:4 mass ratio of 0.5 mm glass ballotini and solid
sodium chloride was used. The entire system was held at 24°C and thus data for the
thermal reaction front was not collected. There is good agreement between fluid front
measurements and theoretical predictions though less so for the depletion front.

not really justified by only three sets of data, one might expect a large set of repeated
measurements to form a triangle of data about the theoretical curve. i.e. one expects
the predicted trend to be the mean of data that becomes increasingly more inaccurate
as one approaches the end of the bead pack. Here it becomes difficult to discern
where the depletion front ends as the most downstream of the depleted areas will have
reached the drain at the base of the bead pack.
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Reaction front lengths in linear Porous media
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Figure 5.8: Reaction front length predictions for a linear porous medium containing

sodium sulphate solids and saturated solution.
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Reaction front lengths in axisymmetric Porous media
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Figure 5.9: Plot of reaction front lengths for an axisymmetric variant of the experi-

mental (sodium chloride) system.
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Reaction front lengths in axisymmetric Porous media
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Figure 5.10: Plot of reaction front lengths for an axisymmetric variant of the experi-

mental (sodium sulphate) system.
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Figure 5.11: Snapshot of salinity and precipitation fields precicted by the linear
(sodium chloride) sharp front model. Offset refers to the difference between the actual
bead pack height and H = 11 cm. All previous graphs have been corrected for this

systematic error.
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Salinity snapshot fot L F=H-offset, linear porous media
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Figure 5.12: Snapshot of salinity and precipitation fields predicted by the linear
(sodium sulphate) sharp front model. Note a much more obvious double front structure
compared to sodium chloride.
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Salinity snapshot fot L F=R, axisymmetric porous media
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Figure 5.13: Snapshot of salinity and precipitation fields predicted by the axisymmetric
(sodium chloride) sharp front model.
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Salinity snapshot fot L F=R, axisymmetric porous media
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Figure 5.14: Snapshot of salinity and precipitation fields predicted by the axisymmetric
(sodium sulphate) sharp front model.



Chapter 6

Salinity and Precipitation Field

Equations

6.1 Derivation of field equations from conservation laws

6.1.1 Temperature equation

Consider a volume element V' of a porous medium containing average fraction ¢ (con-
nected porosity) of mobile fluid. Define u to be a field of the volumetric flowrate per
unit vector area (the Darcy velocity) and consider averages of parameters that char-
acterize the thermal properties of V. (Specific heat capacity C, thermal diffusivity
Kk, density p). Let us only consider the variation with temperature of these parame-
ters and thus compute their average over the temperature range of interest - in our
case s.t. 1;,Ty € T. One can balance the rate of change of heat contained within V'
with advective and diffusive transport processes to form a differential equation for the
Temperature field T. Fourier’s law shall be used to model thermal diffusion. i.e. the

diffusive heat flux is proportional to the temperature gradient.

0
T /V {P1uiaC fiuia® + PsoiaCsolia(1 — ¢) } TdV = (6.1)
- /s P 1uidC ruidTa - dS

- /V — { K f1uidp fruiaC fiuia® + EsotidPsotidCsotia(1 — ¢) } VI - dS

Applying the divergence theorem [¢f -dS = [, V - fdV and equating integrands

we can write (6.1) in differential form.

o1
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Figure 6.1: Volume element V' of medium containing Tempertaure field T'(r,¢) and
Darcy velocity field u(r,t).

T
aa_t + 0OV - (uT) = kV2T (6.2)
where
o — pfluidcfluid (6.3)
P fzmdcflm'd¢> + PsotiaCsotid(1 — ¢)
and

- _ Bfuiap FluidCfiuid® + KsotidPsotidCsotia(1 — ¢) (6.4)
P f1uidC fluid® + PsotidCsotid (1 — ¢) '

Now continuity of fluid implies

0
a/ P fruiadV = —/Pflmdu‘ds = —/ V- (pfryian)dV (6.5)
v S v

Since we have asserted py,,;q 1S an average quantity and therefore constant, conti-

nuity of fluid implies
Vou=0 (6.6)
We can use this result to simplify (6.2) since we can now write V- (ul) = u-VT +
T(V-u)=u-VT.

%—f +0u-VT = xkV3T (6.7)

Our medium of interest, of which volume element V is a subset, is deemed to be

two dimensional and axisymmetric. If we use a plane polar coordinate system centred
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on the line of axisymmetry, all fields are spatially only dependant on the absolute
distance r from the coordinate origin. They will in general also have a dependence on
time variable ¢. Since we are injecting fluid at 90° to the plane of our medium at the
origin, we can assume it to spread in a purely radial manner. Hence if T is the unit
displacement vector from the origin we can write u(r,¢) = u(r, t)r. This assumption
will break down if some mechanism causes the Darcy velocity field to acquire angular
components. Medium anisotropy could cause such an effect, (this could be glossed
over in our definition of thermal parameters as temperature averages) as could an
instability such as the Saffman Taylor variety. The latter of these is described in the
Appendix and both this and other possible effects shall be ignored in the following

discussion.

If we define the Temperature field T = T'(r,t) and therefore can write VI =

?%—f and V2T = %% (r%—f), we can reduce (6.7) to a partial differential equation in

variables r and ¢.

oT or 12( 8T> (6.8)

o O T e T

Since fluid continuity implies V - u = 0 and u(r,t) = u(r,t)r we find u(r,t) obeys

the equation

10
= = 6.9
r or (ru) (6.9)
By inspection we see that the solution to this equation is u(r,t) = M Since
we assert the fluid to be incompressible, for all radii and times
Q = 2mrwu(r,t) (6.10)

where w is the width of the spreading fluid,' i.e. the depth of the porous cylinder
confining the flow in the case of our experimental system.
=
Q

ru(r,t) = % = const = v (6.11)

Hence the Darcy velocity field for our system is

! Note this implicitly assumes a steady state, i.e. significantly upstream of the fluid front. Since Q
is time invariant this steady state should asymptotically be approached.
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Figure 6.2: Volume element V' of medium containing Salinity field c¢(r,t) and Darcy
velocity field u(r, t).

Q1
t) = —— 6.12
and the equation for Temperature field T'(r, ) is
or Q 10T 10 (0T
o " 2wrar "o (a_) =0 (6.13)

6.1.2 Salt conservation equation

A similar approach utilized in the previous section will be employed to derive the
equation of (aqueous) salt conservation, i.e. a partial differential equation for salinity
field ¢(r,t).

Again considering a volume V' of the porous medium (with mobile fluid fraction

¢) we find to conserve salt:

%/dev— —/Scu-dS—D/V—Vc-dS-Hb/VchV (6.14)

D is the diffusion constant and ). is the rate of salt dissolution per unit volume.

We shall adopt a reaction law as described by Phillips in [7].

(6.15)

Q
o
Il
ik
e
o
|
~

C—
Sf
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tr is the reaction time constant, sy is the initial ‘formation’ (bead pack in our

case) precipitation and c. is the equilibrium salinity, assumed to be a function of
Temperature only. Let us assume a linear variation.
N T

Ce(T) =c, | a0+ alﬁ (6.16)

T*is some reference temperature, ¢ = c.(T™) and ag, a; are dimensionless con-

stants. Applying the divergence theorem to (6.14), using V-u = 0 to write V - (uc) =

u-Ve+¢(V-u) = u- Ve, equating integrands and substituting equation (6.12) for the

Darcy velocity; we arrive at a partial differential equation for salinity c(r,t).

9 1 Q 106c DI <T@) :l(ce_c)i (6.17)
ot ¢2rwrdr r Or \  Or ty sf

A change dc in fluid salinity leads, by mass balance, to a change in precipitation
of §s = —ﬁdc where v is the stoichiometric ratio of dissolved reactive species to
solid reactant. For the dissolution of salt v will be unity, though since these results are
designed to cover generalized dissolution/precipitation reactions, (where the reactant
may change in chemical species) it shall be included for the rest of this document and
only be set to unity in the specific discussion of sodium chloride and sodium sulphate.
Now dc/dt = Q.. Hence:

0s 10) i(ce—c) s

Ry (6.18)

6.2 Solution of the temperature equation

Writing as a differential operator on field T', the temperature equation is:

o Q10 19 9\,
(a*eﬁm‘*’“;W@)T—o (6.19)

with thermal constants © and « defined on page 52. In equation (6.16) we asserted
the equilibrium salinity to vary linearly with temperature. Since the operator of (6.19)

is also linear, the linearity of equilibrium salinity temperature variation implies:

Jce Q 10c. 10 dce\
o Omerar  “ror ( m) =0 (6.20)
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Let us remove dimensional quantities from (6.20) by defining the following variable

scalings.

B r L Ce— ¢
t, R Xe_c]c—ci

Recall ¢; is the salinity of injected fluid (either saturated - i.e. at equilibrium, or
undersaturated) and ¢y is the initial (equilibrium) salinity of the formation. (In our

case a cylindrical bead pack). Substituting for ¢, r, and ¢, in (6.20) we find:

OXe 1oxe , 10 (0xe) _
or T 9% PN (A m) =0 (6:21)
where Ot
o= (6.22)
and .
Kip
Br = "2 (6.23)

We now have a dimensionless equation for y, (A, 7) controlled by pure numbers O«
and B which parameterize transport mechanisms advection and diffusion respectively.
The relative magnitudes of these numbers lead us naturally to two solution regimes

governed by flowrate Q.

e Ignore heat diffusion Br < Oa = Q > 2/{%

e Don’t ignore heat diffusion Br~0Ba=Q ~ 2’%’“’

. . : 2KTW
6.2.1 Case 1: neglect heat diffusion @ > =Z~

Our aim is to find a special variable n(A, 7) that transforms (6.21) into an ordinary
differential equation in 7. This should greatly ease the solution method. A crude
model of a radially spreading injected fluid of constant depth w and radius r equates
the cylindrical volume 772w to the fluid volume injected Qt. i.e. r2(t) = % This tells
us the natural relationship between the powers of variables r and ¢. Hence we should

intuitively chose a variable of the form

n=X\+or (6.24)
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where o is a constant. Since we have a two variable system let define another

variable p = 7 to complete a functional equivalence

Xe(n, 1) = Xe(A, 7) (6.25)
Using the chain rule

ox’ ox., on  Ox. Ou ox.,  0x.

e _ e e e e 9
or on Ot + o Ot 7 on + ou (6.26)
ox! ox,Lon  Ox.ou ox’

e _ e Y el _ 9 e 9
o\ on O\ Ou O A on (6.27)

Hence if the diffusion term is ignored (6.21) becomes:

ox.  0x.
e  Xe _ 2
Bt g =0 (6.28)

(0 +20a)

If we set 0 = —20a then % =0 = x. = x.(n). Since X, = x, this implies any
function of the form x,.(\, 7) = x.(A\? — 20a7) will be a solution of (6.21) where heat
diffusion is ignored. Let us make the choice of a step function that satisfies the initial

(IC) and boundary (BC) conditions on ..
e IC ce(rit=0)=cf, T>20=x.(A,7=0)=1, A>0

e BC c(r=0,t)=ce, t>0=x.A=0,7)=w, 7>0

L T; _ Cei—Ci
where ce; = ¢} (ao + a1ﬁ> and w= fﬁ

Hence set x,(\, 7) to be:

1 n>0
A\T) = - 6.29
Xe(A, 7) { 6 n<0 (6.29)
where
n =\ —20ar (6.30)

The temperature field for flowrates such that heat diffusion can be ignored therefore

takes the form:

ai R2 t

T* 2 20t
<C_ _ ao) ™ 7 20at
- (w(cf —¢i)+ ¢ " > T* r?  20at
wepze)re o _ 2Pat

C*

(6.31)

— — <0
al R2 t,«
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1
00t 2
TWw

Note that when n =0, r = < . Note this describes the radius of the thermal
front in the sharp front model described previously. We can therefore interpret the
1 > 0 region as being ‘downstream of the thermal signal.” This has a literal significance
in the absence of heat diffusion since we have asserted a sharp front formalism for the

solution to the heat conservation equation.

6.2.2 Case 2: include heat diffusion Q ~ 2%

When the diffusion term is included the variable n = A2 —20ar is insufficient to trans-
form the equation for the equilibrium salinity field (6.21) into an ordinary differential
equation in 7. This is clear from the presence of A(n AND 7) amongst the % ()\8%)

operator. Let us instead consider the modification:

A2 — 20ar

eTn

n= (6.32)

where € and n are constants. Note for positive n, n becomes singular as 7 — 0. If
we consider only 7 > 0 asymptotic solutions then we can be unconcerned about this
fact.

Let us assert a functional equivalence

Xe(n) = x(A\,7) (6.33)

We can use the chain rule to express A and 7 partial derivatives in terms of total

derivatives by 7.

OXe On dxe 20 __ 1) dxe

_ 9naxe _ n 9Xe 34
or ot dn € T T dn (6.34)
ox. _ Ondx, 2X\ _,dx.
N T ody e (6.35)

€ dn e A dn? e’ dn ez dn?
(6.36)

€ dn

Pxe 0 (20 adxe) 2 adxe 2\ . Ondxe 2 .dxe AN X
OX*  OA

Substitution of these results into (6.21) yields, (dropping primes for brevity and

. 10 x _ 9%x 190x . .
noting 3 % (Aﬁ) = 5 +395) yields:
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2 dx, 2 d 2 _d 4\ d?
€

dn € dn € dn e dn?

T

2

€

—nXe
dn N
(6.37)

N <_2@a 0 el 4 2@ann _ ABr T") dxe 4By (et + 296”-)77271 d2y,

dn €2

€ € €

=0

o <77n7_2n—1 n ﬁ7n> dx. 4Br(et"n +20ar7) d*x.

€ dn €2 dn?
Letting: € =40 :

dee 4B (nnT”_l + 1) % B

dn? (48rn + 20ari—") dn

dn? =0
(6.38)

(6.39)

(6.40)

We can eliminate 7, and thus create an ordinary differential equation for x,(n) if

n = 1. Setting n to unity and defining

O«
281

we arrive at

d®x,  n+ldx,
dn? n+® dyp

where
B M\ —20ar
77 o 47_BT
To solve (6.42) define
dx
() = e
n

(6.42) then becomes a separable first order ordinary differential equation.

dz  n+1
dn n+®

z=0

(6.41)

(6.42)

(6.43)

(6.44)

(6.45)

=0
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dz n+1
E__ 07 4 4
= z n+ g (6.46)
Noting the standard integral [ %dn =n+(1—®)Iln(n+ P) + const
=Inz=-n—(1—®)In(n+ P) + const (6.47)
= 2(n) = Be "(n + ®)*! (6.48)
where B is a constant.
Hence .
X.(n) = B / e (e + @)% tde (6.49)

In terms of 1, the boundary condition for x, (see page 57 ) can be written as

e BC1 Xo(n — o0) = 1 (This replaces the Initial Condition, invalid if one

considers 7 > 0 solutions)
e BC2 Xe(n = _(I)) =w

We can write (6.49) as a definite integral to incorporate BC2 and then apply BC1

to determine the constant B.

(1) —w =B / 5 (e + &Y Lde (6.50)

Define ( =+ ®
n+o
=X (n) —w= Beq)/ e*CCq’*ldC (6.51)
0

Special functions I'(a) (gamma function) and 7(z,a) (lower-incomplete gamma

function) are defined

I(a) = /0 s (6.52)
Y(z,a) = %a) /0 ’ e ¢ td¢ (6.53)

Hence
Xe(n) —w = Be®T(®)y(n + @, ) (6.54)
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Applying the BC x,.(n — o0) = 1 and noting lim;_coy(z,a) = 1 we can rearrange
the above to find B.

1l—w

B =@

(6.55)

We now have an analytical solution to the unapproximated equation for x,.(A,7),

i.e. inclusive of advection and diffusion of heat.

Xe()‘77-) =w+ (1 - W)V(U + (I)’ (I)) (656)
where
- A2 —20ar (6.57)
Tl o 47_BT ’

The equilibrium salinity field can be found from the scaling relation ¢, = (c; —

¢i)Xe + ¢ and the temperature field from the (rearranged) equation of state T' =

T (ce
ax (cz ao)

6.3 Solution of the salt conservation equation

As shown above, conservation of salt yields the following coupled partial differential

equations for salinity field ¢(r,t) and precipitation field s(r, ).

Oc 1 @Q 10¢c DI dc\ 1 s

o gamwrar  ror <7E)—5<%‘C>§ (6.58)
ds 1) 1 s
ot (1—o¢wt, (ce = <) sf (6.59)

Let us remove dimensional quantities from (6.21) and (6.59) by defining the fol-

lowing variable scalings.

Ce — C; CcC—C; S

r
t, R Xe_Cf—Cz‘ cf — ¢ Sy

Substitution of these relations yields:
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dx «aloy 19 o\ -
or T BN S <A3A> =Xe = X)¥ (6.60)
oy
5, = 0 —x)¥ (6.61)
where o
b= T (6.62)
¢(Cf —¢)
0= s 6.63
v(l —¢)ss ( )
and (as defined previously)
_ Qt
T rwR? (6.64)

To ignore diffusion of salt 5, < §. = @ > 2Dmw¢. Flowrates of order 2Dmw¢
are typically much less than the critical values below which heat diffusion cannot be
ignored. (Q ~ %Tm”) Hence to incorporate diffusion of heat and salt, one requires
extremely low flowrates, for NaCl solutions, < 3 x107® cm3®s~!. We shall ignore
this lower limit and therefore ignore the diffusion of salt for the remainder of of our

discussion. Hence the salt conservation equations reduce to:

Ox  aldy

ar T ooy~ (e VY (6:65)
o
a_i} = —0(xe — x)¥ (6.66)

We shall now consider the two solution regimes of the Temperature equation. i.e.
where flowrates are such that heat diffusion must be incorporated or can be ignored

as a negligible effect.

. . . 2KTW
6.3.1 Case 1: neglect heat diffusion ) > =F*

Equation (6.29) gives the scaled equilibrium salinity x, as:

1 n>0

6.67
w n<0 ( )
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with variable 1 defined as
n =\ —20ar (6.68)

Let us define an additional variable g = 7 to allow us to make the following

functional equivalences:

X'(mp) = x(\7) 6.69
V'(mm) = YAT) (6.70)
Using the chain rule
/ / / / /
/ / / /
%::%% %%:m% (6.72)
U %%+%% :_z@a%—f%—f (6.73)

(6.65) and (6.66) now become:

1 ox' ox
204<g— )a—nJra—M_(Xe—X)w (6.74)
2000y 10¢
0 oy Gop (Xe = X)¥ (6.75)

Let us now define a special variable n* = n*(n, u) and functions x*(n*) and ¥*(n*)
such that

X)) = X'(n,m) 6.76
V() = Y (n,w 6.77)

Define
n'(m,p) =n+Qu (6.78)

The chain rule then yields
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ox*  dx*on"  dx*
o = dp oy dp (6.79)
ox*  dx*ont  dx*
5 = aron = Yar (6.80)
oy A oy ap (6.81)
o = aror = Yar (6.82)
Hence (6.74) and (6.75) become
2« dx*
——2a®—|—Q) = (x. — x*) V" 6.83
€ o~ (e (6.53)
(5 -7) 5 =0 (6.84)

Motivated by the results of the sharp front model, one expects two classes of
solutions to emerge from the equations above. We expect a single sharp transition
from x = 0 to x = 1 in the case where the ‘depletion front leads the thermal front’ and
a double front structure for the converse in which one expects an intermediate region

— %. The mathematical encoding of these scenarios

where y ~w and ¢ ~ 1
is related to the sign of parameter ). If one regards the variable n as a ‘space-like’
coordinate (and p as a time coordinate) then our solutions are waveforms moving along
the one dimensional space of i at velocity €2. (In the direction of decreasing n). In the
case of a purely depletive front, the waveform propagates in the positive 1 direction
from the source at n = —2a0. i.e. < 0. In the case of a double front system the
waveform propagates in the opposite direction from the ‘thermal front’ at n = 0. i.e.

Q> 0.

Motivated by the above discussion plus the analysis of Phillips [7] and Hinch and

Bhatt [2] we will postulate the following solution set:

W) = Hjo—% (6.85)
X' (np) = Hj_e—% (6.86)

where
%(77):{ 11_9(1¢>§)e))(1w) 7;73(;) (6.87)
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In the ‘far away from the source’ limit  — oo, one expects x, ¥ — 1.Both

postulated solutions have this property.

One would expect in the limit 7 > 0 the depletion front to maintain its structure
as it propagates along the A\? coordinate. (This behavior was observed in the Apples
numerical experiment). Hence at the depletion front A = Ap we expect the value of ¢
and x to remain constant V 7. This can only occur if n, =np +Qu=0 V7.

For a single front system, the sharp front model gives the dimensionless depletion

front radius as

1\"? [2ar
AD = (1 + 5) 7 (688)

Hence ‘stationary front’ condition 77, = 0 implies

—1
<1 + %) 2?‘77 — 2007+ Q7 =0 (6.89)

Q—2a6{1—¢%<1+%>1} (6.90)

For the double front system

This is true V 7 if

B POOw 2 2ar
Ap = (¢>@ 0w+ 90— 1)) 5 (6:91)

Using the same argument as above an equivalent equation for €2 can be derived

Ow
Q:2a®{1—¢9+9(w+¢®_1)} (6.92)

Substitution of these results into the single, double front criteria yield the following:

Single front system Q < 0
1\ !
PO < <1 + 5) (6.93)

Double front system €2 > 0
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$O > <1 + %) B (6.94)

These results exactly match the conclusions of the sharp front model.

To complete the analysis let us substitute our postulated solutions into (6.84) to
compute Y. Let us evaluate these separately at n* = 0 for single and double front

cases as one might expect them to differ.

Case (I): single front. At n* =0,vy=1, x, =1

20 QY d 1 1 1
e = ) =0- .
< 0 9) dn* <1 + e—T”*> S + e~ T h + e~ (6.95)
20a Q) Ye T 1 1
b I .
( 0 0 ) (14 e Tm)? S +e T 1 + e T (6.96)
Atn* =0
20 Q2
(22 _Z) g .
( - 0) (6.97)
= 1
20 Q)
Y- (Z22_Z .
< ~ 9> (6.98)
Using the expression for (sing front) € derived above
90 +1)
T=22 (6.99)
Case (II): double front. At n* =0,1y=1— 0(1#@(1&27 Xe =W
200 Q) d [1-2=ge) o9 o T - (6.100)
] 0 ) dn* 14+ e-Tn* o 14+ e Yn* 1+4e Y :
=
0(1—90)(1—w —Tn*
200 0 T (1 - Mgyl
6 0 (1+ e Tr)?
B (1 — $O)(1 — w) 1 1
- (1 $O -1 + e~ T h + e~ Tn* (6.101)

Atn* =0
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T e R [ (L T R

—1
T <2@Ta - %) (6.103)

Using the expression for (double front) © derived above

_ 9 O(w+¢0 —1)

We can use the formulae for T to estimate the salt reaction time constant t,.
Preliminary experiments conducted by Bell and Shaw-Champion [10] showed depletion
fronts in Sodium Chloride plus glass ballotini bead packs to have widths? R ~ 10

1

mm. The width of a sigmoid function of the form y(x) = is ~ &. (Setting

TFexp(—Yz)
T = % yields y ~ 0.95). Since 1, x both have this form (with x %) we can relate T
to the experimental width above. 3
3 [0R\?
=~ | — 6.105
+~ (%) (6.105)
From above T ~ 5% and a = %. Hence
b TY (52 (6.106)
T 3Q .

Using Q ~ 0.3 cm3s™!, ¢ ~ 0.4 and w = 4.2 cm = ¢, ~ 0.06 s.

6.3.2 Case 2: include heat diffusion Q ~ 2%

Equation (6.56) gives the scaled equilibrium salinity y, as:
Xe(n) =w+ (1 —w)y(n+ @, P) (6.107)

with variable 7 defined as

2Width’ is defined as the distance beween the centre of the depletion front and where the curve is
within 95% of its downstream value.

3This is all very approximate - the experiments performed by Bell and Shaw-Champion were with
linear not axisymmetric media.
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N2 —20ar

= = 6.108

n 15, (6.108)

This definition allows us to write partial derivatives 8%

. . d . s )
derivatives > recalling definition ¢ = ﬁ

o _ md_ @4nd
or  Ordn T dp
0 ond O\ d

o\ oNdn  Oartdn
(6.65) and (6.66) now become:
P \ 1dy
—P— — ) 22X (v —

(®+mn) ldy
0 Tdn

(Xe = X)¥
Define A = ¢% — 1 to simplify the x equation slightly

(A2 —n)——=(x. —X) ¥

and a% in terms of total

(6.109)

(6.110)

(6.111)

(6.112)

(6.113)

The presence of 7 in these equations means they cannot be solved in the same

manner as for the ‘ignore heat diffusion’ case. We shall instead investigate the 7 >

0 asymptotic limit and postulate a series solution for x, 1 of the form

NUSIEEEY fi(nn)
n=0
711(777 T) = Z gi_(nn)

3
i
=)

with the definition

fo(m) = xe(n)

Substitution of these series expansions into (6.113) and (6.112) yields:

(6.114)

(6.115)

(6.116)
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_Aq>7 <f0+ﬁ+ﬁ...>:(go+gT—1+%...><ﬁ+é...> (6.117)

Sty , g, % _ g1 | 92 J1 . fo
S (gO+T+T2... —<go+7_+7_2...> + 120 (6.118)

We can match coefficients of {77} to generate the following series of ordinary

differential equations for the sets of functions {f,(n)}, {gn(n)}-

Up ton =2:

1 O+

T ~ 90 = 9o.f1 (6.119)
Tt — (A® —n) fo = 901 (6.120)
T2 —q);—ngi =g1f1 + gof2 (6.121)
T2 —(A® —n)fi = g1fi + gof2 (6.122)

Since fo(n) is known we can divide the first two equations and integrate to find
go(n). Note from the boundary conditions ¥(n = 0) = 1 so we can write go(n) as a
definite integral.

wim =1+ [ A= yepae (6.123)

This result can then be used to find f; courtesy of the second equation.

—(A® —n) fo(n)

filn) = o)

(6.124)

This solution method is simple to extend to general n. Comparing coefficients of
—(n+1) .
T .

7-_(7L+1) . (I) + 779/ igifnfﬂ»l (6125)
g =2

=t — (AD — 77)f7/1 = Zgifn—i—i—l (6.126)
=0
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Assuming one knows the set of solutions up to f, and g,_1; one can find the next

solutions in the series, fn11,gn, by the formulae

L [Tt —g)
outn) =1+ [ 2GF e (6.127)
fn+1(77) _ _(A(I) - n)fr,z(n) ;O(Zn)?:l gi(n)fn—i+1(n) (6128)

Let us use these results to compute the terms go(n) and fi(n).

Folm) = xelm) =+ (1= whr(n + @,8) (6.129)

=
50 = Fgre "+ ) (6130)

=
wolm) =1+ 9(;(;))&1) /0’7 (fngr—gE) (€0 (¢ 4 @)P—1ge (6.131)

=

Cw ¢
() = 1+ {0 =) ["e @0 a-rar [1 Moo o agac)

(6.132)

Define the ‘second order lower incomplete gamma function’

S
7 (z,a) = r(la) /0 /O e~t¢vlded¢ (6.133)
=
ool = 1+ =B S 40— (4 0.8 - 1) 90+ 0,0 - 1))
(6.134)
Now fl(n) — —(A‘f]o—(?]))f(l)(ﬁ)
=
(n — AD)e=(1+®) () 4 )21 (6.135)

Jilm) = HO 1 gr(@ — 1) {(AD — (1 + &, — 1) + 1D (n + &, — 1)}

—w
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6.4 Summary of solutions to conservation equations

.os . . 2KTW
6.4.1 Case 1: ignore heat diffusion @ > =F*

n =\ —20ar (6.136)
1 n>0
A7) = = 6.137
Xe(A,T) { o 1<0 (6.137)
1 n>0
Yo(n) = $0)(1—w - (6.138)
0 1 - 8d ¢f(g(1 ) n <0

_ Yo(n)
YA T) = 1o o= Tnion (6.139)

_ Xe(n)
X(A’ 7-) - 1 + e*T(ﬂJrQT) (6140)

Depletion front leads thermal front Q < 0= ¢0 < (1 + %)71
1 1\ !
O=2 1—— (14 = 141
0‘9{ 5 (1) } (6:141)
(0 +1)
T=— (6.142)
Depletion front lags thermal front Q > 0 = ¢© > (1 + %)_1
Ow

Q=200<1— 6.143
° { ¢@+9(w+¢@_1)} (6.143)

b 0w+ 0 — 1)
T=o- {1+—¢@ } (6.144)
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6.4.2 Case 2: include heat diffusion () ~ %T”w

- A2 — 2001
n= (6.145)
Xe(n) =w+ (1 —w)y(n+2,P) (6.146)
NUEIEEEDY / ’;(n") (6.147)
n=0
Y1) = > ’;(n”) (6.148)
n=0
Jo(n) = xe(n) (6.149)
1 O«
A=25-1 =5 (6.150)
) =1+ [ 22 epae (6.151)
_ (A2 —n)fr(n) = 3571 9i(n) fait1(n)
frv1(n) = ey (6.152)
() =1+ =B E = (40— (0.8 - 1) 90+ 0,0 - 1))
(6.153)
filn) = (n — A®)e D + )7 (6.154)

D) LT (@ — 1) {(AD — )y(n+ @, ® — 1) + 7D (n+ &, & — 1)}

6.5 Field equation solutions (neglecting heat diffusion)
computed for a real experimental system
The salinity, precipitation and equilibrium salinity fields for an axisymmetric porous

medium have been computed using the MATLAB code SRIPM. (Salt Reactions In

Porous Media). The medium has identical physical characteristics to the linear case
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described above in the Experimental Analysis section, except that a cylindrical geom-
etry is used (Radius R = 20 cm, width w = 4.2 cm). Graphical solutions are presented

for sodium chloride and sodium sulphate salts.

In both cases ¢p© > (1 + %)_1 = the thermal front leads the depletion front.
However, because the saturation solubility of sodium chloride varies ~ 0.2% compared
to ~ 10% for sodium sulphate, the double front structure is only clearly observed for
the latter. On page 67 the salt reaction time constant ¢, was estimated to be ~ 0.06
s. For both species of salt this yields sharp fronts and the predictions of the sharp
front model (as illustrated above via coloured asterisks) fit to very good accuracy. To
demonstrate the effect of increasing ¢, (from 0.06 to 100 s) an additional series of plots
have been computed for sodium sulphate salt. Qualitatively, the result is a broadening
of the depletion front about a mid point given by the sharp front model depletion front
length. The thermal front remains sharp because the equation for the temperature
field contains no salt reaction term (with an associated t,). If heat diffusion were to

be included one would expect this front to broaden also?.

Below is a summary of input and output parameters of the SRIPM code.

6.5.1 Sodium sulphate salt, ¢, = 100 s

Length [ of linear porous medium 24 cm
Width w of linear porous medium 4.2 cm
Depth H of linear porous medium 11 cm
Width w;ps of insulating material 5 cm
Thickness wgiqss of glass tank walls 0.5 cm
Length I of fluid region in tank 36 cm

Mean diameter wyeqq of glass beads 0.051 cm
Radius R of axisymmetric porous medium 20 cm
Stoichiometric ratio v of precipitate to solute 1

Mean density p,, of water 0.998 gcm ™3
Density py,ss of glass 2.6 gcm ™3
Density p;,,, of insulating material 0.032 gcm 3
Density p,,; of pure solid salt 1.46 gem =3

*The asymptotic solutions for the salinity and precipitation fields when heat diffusion is included
are not plotted because of a lack of numerical code to plot succesive integrals of the gamma function.
However, the saturation salinity fields are plotted, recalling the assumption of a linear relation between
saturation salinity and temeperature.
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Specific heat capacity C,, of water
Specific heat capacity Cyqss of glass
Specific heat capacity Cj,s of insulation
Specific heat capacity Cyq¢ of solid salt
Thermal diffusivity x,, of water
Thermal diffusivity x;,s of insulation
Thermal diffusivity gjqss of glass
Thermal diffusivity k. of solid salt
Salt bulk diffusion constant D

Molar mass M, of salt

Injectate temperature T;

Initial formation temperature T’y

Mean volumetric flowrate through system @
Porosity ¢ of porous medium

Mass of salt mggy initially in medium

Head h driving flow

Mass ratio Rgg of glass beads to salt
Saturated solution volume/solvent volume Ry
Weight fraction of salt in injected fluid

Salt reaction time constant ¢,

Sat. salt weight fraction of initial formation fluid

Sat. salt weight fraction of injected fluid
Initial formation salinity cy

Saturation salinity c.; of injectate

Injectate salinity c;

Initial solid salt density sy

Initial formation fluid density & fiyiq

Initial formation solid density Kgoiq
Formation fluid specific heat capacity Cfjyiq
Formation fluid thermal diffusivity & g4

4.182 JK g1
0.84 JK—1g~!
1.38 JK1g~1
1.82 JK—1g~!
0.00144 cm?2s~1
0.00625 cm?2s~!
0.00412 cm?2s!
0.00301 cm?s~!
1.23 x107° cm?s~!
142.04 gmol !
5°C

24.5°C

0.22453 cm3s~!
0.29

420 g

2 cm

2.5

1.1

0

100 s

0.91792

0.14468

0.8328 gem ™3
0.13126 gcm™3
0 gem 3
0.60736 gcm ™3
1.7401 gcm ™3
2.1258 gcm 3
2.9505 JK~1g~1
0.0022586 cm?s~*
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Formation solid specific heat capacity Csoiq 1.12 JKtg—1!
Formation solid thermal diffusivity xsozid 0.0038029 cm?s~!
Karman-Cozeny permeability k 6.5769 x10~11 m?
Volume V455 of glass used in walls on tank 631.8 cm?®
Volume Vj,,s of insulation used around tank 12711.2 cm?
Total volume Vo1 of experiment 14310.68 cm?®
Averaged thermal diffusivity parameter x 0.0030883
Averaged thermal parameter © 1.6213
Extent of reactive species advection o 0.0021271
Extent of thermal diffusion S 0.00077208
Extent of salt diffusion f3, 3.075 x10~6
Reaction parameter 6 0.54759
Injector saturation salinity variable w 0.15761
Ratio of thermal to fluid front lengths F 0.4627
Upsilon T 36.9397

Big omega (2 0.004561
Advection to thermal diffusion ratio ¢ 2.2334

Fluid flush time ¢ 7,5 1229 s
Thermal flush time t:perm 2658 s

Salt diffusion time ¢4 7492682 s
Heat diffusion time ¢34 29841 s
Cooling time ¢,y 3930 s

6.5.2 Sodium sulphate salt, ¢, = 0.06 s

Only differences to the above are shown.

Salt reaction time constant %, 0.06 s
Extent of reactive species advection o 1.2763 x10~6
Extent of thermal diffusion S 4.6325 x10~7
Extent of salt diffusion f3, 1.845 x107°
Upsilon T 61566.2347
Big omega (2 2.7366 x10~6
Advection to thermal diffusion ratio ¢ 2.2334

6.5.3 Sodium chloride salt, ¢, = 0.06 s

Again, only differences to the above are shown.
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Specific heat capacity Cyqyp of solid salt 0.86 JK—1g~!
Density pg,;; of pure solid salt 2.17 gem 3
Thermal diffusivity kg of solid salt 0.0097 cm?s~!
Salt bulk diffusion constant D 1.611 x107° cm?s~!
Molar mass Mg, of salt 58.443 gmol !
Mean volumetric flowrate through system 0.31763 cm3s~!
Porosity ¢ of porous medium 0.38

Salt reaction time constant &, 0.06 s

Sat. salt weight fraction of initial formation fluid 0.35968

Sat. salt weight fraction of injected fluid 0.35658

Initial formation salinity cy 0.32633 gcm ™3
Saturation salinity c.; of injectate 0.32351 gem ™3
Injectate salinity c; 0 gcm ™3

Initial solid salt density sy 0.70305 gem ™3
Initial formation fluid density & fuiq 1.2336 gem ™3
Initial formation solid density Kgoiq 2.4607 gcm ™3
Formation fluid specific heat capacity Cfiyiq 1.7388 JK~1g!
Formation fluid thermal diffusivity & fuiq 0.007515 cm?s~!
Formation solid specific heat capacity Csopiq 0.84571 JK—1g~!
Formation solid thermal diffusivity Kgopiq 0.0057143 cm?s~!
Karman-Cozeny permeability & 2.1243 x10710 m?
Averaged thermal diffusivity parameter 0.0064162
Averaged thermal parameter © 1.0187

Extent of reactive species advection « 1.8054 x10~6
Extent of thermal diffusion Sp 9.6243 x10~7
Extent of salt diffusion j, 2.4165 x10~°
Reaction parameter 6 0.2877

Injector saturation salinity variable w 0.99138

Ratio of thermal to fluid front lengths F 0.38982

Upsilon T 135785.6997

Big omega 2 1.578 x10~6

Advection to thermal diffusion ratio ® 0.95554
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Surface plot of formation salinity, ignoring heat diffusion
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Figure 6.3: Axisymmetric Salinity field for Sodium Chloride salt. t, = 0.06 s.

Fluid flush time £ f;,55 1165 s
Thermal flush time tiperm 2990 s
Salt diffusion time 44 5720670 s
Heat diffusion time ¢4 14363 s

Cooling time ¢,y 3745 s
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Surface plot of formation precipitation, ignoring heat diffusion
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Figure 6.4: Axisymmetric Precipitation field for Sodium Chloride salt. ¢, = 0.06 s.
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Surface plot of saturation salinity, ignoring heat diffusion
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Figure 6.5: Axisymmetric Saturation Salinity field for Sodium Chloride salt. Heat
diffusion is ignored.
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Surface plot of saturation salinity, inclusive of heat diffusion
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Figure 6.6: Axisymmetric Saturation Salinity field for Sodium Chloride salt. Heat
diffusion is not ignored.
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Surface plot of formation salinity, ignoring heat diffusion
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Figure 6.7: Axisymmetric Salinity field for Sodium Sulphate salt. t,. = 100 s.
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Surface plot of formation salinity, ignoring heat diffusion
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Figure 6.8: Axisymmetric Salinity field for Sodium Sulphate salt. ¢, = 0.06 s.
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Surface plot of formation precipitation, ignoring heat diffusion
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Figure 6.9: Axisymmetric Precipitation field for Sodium Sulphate salt. £, = 100 s.
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Surface plot of formation precipitation, ignoring heat diffusion
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Figure 6.10: Axisymmetric Precipitation field for Sodium Sulphate salt. ¢, = 0.06 s.
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Surface plot of saturation salinity, ignoring heat diffusion
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Figure 6.11: Axisymmetric Saturation Salinity field for Sodium Sulphate salt. Heat
diffusion is ignored.



6. Salinity and Precipitation Field Equations 86

Surface plot of saturation salinity, inclusive of heat diffusion
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Figure 6.12: Axisymmetric Saturation Salinity field for Sodium Sulphate salt. Heat
diffusion is not ignored.



Chapter 7

Conclusion

To conclude I will comment under three headings. Firstly I will outline what has
been achieved and then make an assessment of the success of the models presented
by comparison to experimental results. In mind of this analysis I will voice my own
suggestions for future study, both in theoretical and practical terms. Finally T will

thank those who have supported the project over the past year

7.1 Outline of achievements and proposals for further

study

e A sharp front model has been derived for linear and axisymmetric media. Condi-
tions that select between a single front (depletion front leads thermal front) and
a double front (thermal front leads depletion front) solution are given. Equations
for the lengths of all fronts are presented in addition to the degree of dissolution

between the thermal and depletion fronts.

e Conservation of heat, total mass and salt mass have been used to derive a system
of partial differential equations for the salinity, equilibrium salinity and precip-
itation fields for axisymmetric geometry and a constant injection flowrate.! In
all cases salt diffusion has been neglected implying a lower bound to applica-
ble flowrates of 2D7wwe¢. For sodium chloride D ~ 1.611 x 107° cm?s~! . If

'As discussed in the the section concerning the processing of experimental data, the sharp front
model is valid for flowrates that vary with time. Unfortunately, closed (i.e non series) analytic solutions
to the corresponding continum model can only be found for constant flowrates. One can show this by
seeking solution functions in terms of a variable = A%r° and defining a power law flowrate Q = Qo°.
Substitution into the governing partial differential equations only yields ordinary differential equations
in 7 when ¢ = 0.
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the injection length scale is ~ 10 cm and porosity ~ 0.5, flowrates must ex-
351, Long time asymptotic solutions have been derived for
2DTwe K Q ~ 2"‘% and analytic solutions for Q) > 2"‘%, i.e. when heat and

salt diffusion are both neglected. The latter yields the same double/single front

ceed ~ 3 x 107 cm

selection criterion as the sharp front model and indeed approaches the sharp

front solutions in the limit of the reaction time parameter ¢, — 0. (i.e. an in-

finitely fast reaction rate). Note for the experimental system adopted in this
2kTW

study, =5+ ~ 5 x 1072 cm3s™! an order of magnitude less than the average
flowrate @ used. (~ 0.2 cm3s™1).

e The numerical analogy of ‘Apples and Baskets’ encoded in MATLAB appears to
confirm the predictions of the sharp front model and seems to serve its purpose
and an educational aid in the understanding of the physical processes that gener-
ate depletion and thermal fronts. The idea could readily be extended to a greater
multiplicity of ‘chinese whispers’ (i.e. fronts that fix a species saturation) or in-
deed more than one mobile species. For example, baskets could contain apples
and oranges and people could have eating laws that depend on the amounts of
both in the baskets and in their stomachs. This would have a direct application
in the energy industry where acid or gas is often injected to stimulate reservoir
performance. A greater complexity could be introduced to take into account of

reactions between dissolved or precipitated species.

e Many difficulties were encountered in the running of experiments designed to
contradict or verify the theory presented. The current design proved adequate
for achieving results of fluid and depletion fronts using sodium chloride. However,
as indicated by a very preliminary study with sodium sulphate, the setup may
not be the most appropriate method of investigating thermal fronts. Also, the
rectangular nature of the current equipment meant no direct comparison with
the mostly axisymmetric theory could be made. An experiment based on a thin
cylindrical Hele Shaw cell using sodium sulphate salt would be the most logical
step forward. This could be oriented horizontally to reduce the possibility of
gravity driven Saffman-Taylor instability and fluid would be injected centrally
from a raised source. A double front system resulting in a near depletion of
salt upstream of the thermal front would be desirable for visual purposes. This
could be achieved by having an injectate significantly colder that the formation.
However, as shown on page 16, as the injectate temperature is lowered, although
the precipitation s’ tends to zero, the separation between depletion and thermal
fronts also reduces. When s’ is zero the double front structure is lost and a

single front system remains. An informative series of experiments could involve
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such a system with increasingly lower injectate temperature until the double-
single front transition is observed. For a sodium sulphate system initially at a
lab temperature of 24.5°C we can calculate the initial precipitation required to

cause a transition at 10°C.

(T = 10°C) = 0.2030 gem ™3 (7.1)
cf(T = 24.5°C)=0.8328 gcm (7.2)
Using ¢; = ¢y — % and F' = ¢O
- (s — (1~ 6©)
* Cf — Cei _
=
s§ =0.29 gem™? (7.4)

For a Hele Shaw cell of porosity ¢ =1 — < L Ras ) Daglt - radius R = 20 cm

Psalt pglass TR2w’
and depth w = 4.2 cm, this implies a salt mass

Maat = (1 — ¢)mR*w (7.5)
- 1 R
1=} < + =<5 ) (7.6)
Psalt pglass
=
%GS _ pgl:ss . pglass (77)
Sf Psalt
— 71 (7.8)

(Pgiass = 2.6 gem ™, pyyy = 1.46 gem™3).

In summary, the ballotini to salt ratio at the transition between double and single
front systems (given a desired transition temperature and thus injectate saturation
salinity) is given by

Pglass(1 = P)vO  Pyiass
(cr=cg)(L=90)  pean

Ras = (7.9)
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Appendix A

The Saffman Taylor Instability in

porous media

Consider a time and space varying perturbation e(x,t) to a (previously) sharp

interface between fluid regions 1 and 2 as illustrated in figure (A.1)

e(z,t) = ae™ T f(2) (A.1)

where a = real positive constant and n is the (dimensionless) wavenumber of the

perturbation, QT’T .

Aim to determine o in terms of Darcy velocity u; porosities ¢q,¢9; permeabilities
k1,ko; viscosities 1n;,ny; fluid densities p;,p, and gravitational field strength g. If o >

0 = perturbation will grow with time and thus interface will be unstable.

Define Darcy velocity field in perturbed region to be u = uz + u,X + u,z. Let
u, = gpoae™ o f(z) (A.2)

In each region one assumes Vp and %% = (0. Hence by continuity of fluid

Ouy  Ou,

Substitution of (A.2) into this result and integrating wrt = expression for u, gives

_ —f’(z)¢0aemm+0t

m

+ a(z,t) (A.4)

Uy
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Unperturbed interface, moving with z
) Darcy velocity u

Perturbed interface between
regions 1 and 2

Figure A.1: The Saffman Taylor instability desribes a criterion for the growth of
perturbations to the interface of two incompressible fluids with defined densities and
viscosities, each existing in a porous solid matrix with known permeabilities and porosi-
ties. Here cartesian geometry is studied.

where «(z,t) is the constant of integration.

Darcy’s Law relates the transport velocity u to the pressure field p

k R k Op
u__E(Vp_ng):w”__ﬁ% (A.5)
For the z component
ap n _f/(z)¢o.a€imc+at
&z __1 A.
ox k {a(z,t) + in (A-6)

One may expect p to be oscillatory in z so set a(z,t) = 0 to prevent any ax terms.

= .
_f/(z)n¢0aeznx+at

kn?

p(x, z,t) = + B(z,t) (A7)

Inserting this result into Darcy’s law yields the following result for the z component

—f"(z)ngoac™ ! L 981

kn? 0z

—% {H + qbaaeim'wtf(z)} + pg = (A.8)

Since this must be true V x we can compare coefficients of ¢™* to find an ordinary

differential equation for f(z)
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fz) = LG (A.9)

n2

Let f(z) = €%.1 Substitution into the above yields fl—z =1= & = +£n. Hence

f(z) = Ae*n= (A.10)

Substitution of this result into the z component of Darcy’s law yields an equation

for p in terms of known quantities. (Absorbing the constant A into a)

% _ _% {ﬂ+¢0_aeimc:tnz+at} + pg (A.ll)
=
p= _g {Wi %emminz+ot} + pgz +p*($,t) (A.l?)

In regions 1 and 2 we expect perturbations to decay far away from the interface.
ie.

{ lim, ;400 =0 region 2 (A.13)

lim, , =0 region 1

Hence fix sign of & accordingly in each region to solve for the pressure field

m ) (;510'0, inr+nz+ot

e (T e + p19z + pi(z,t) z<e
p= 1 " (A.14)
N2 $p0a ;
_]{;_ Uz — Teznmfnz%»ot + P29z + p; (l’, t) z>¢€
2

These expressions must be equivalent at z = ¢ if surface tension is ignored

— 77 77 * * aa mxr+o ¢ 77 n ¢ 77 —n
Y T R e
(A.15)

If at ¢ = 0 perturbations are small = ¢ < A. Since A = 27“ = ne K 21 = ne K 1.

Hence by Taylor expansion of e*"¢

e =lxne+..~1 (A.16)

'Let one constant of integration be absorbed into a. Consider different values for A depending on
the sign of £ to incorporate the second constant.
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Unperturbed interface, moving with
Darcy velocity u

Perturbed interface between
regions 1 and 2

Figure A.2: Hlustration of the Saffman Taylor instability at an initailly circular inter-
face.

Applying this and differentiating wrt & we find

_ (M2 M\ 00 g (G111 Pal2) _
@11@9+u<@ k) —e <7;w~z;>o (A.17)

At z =0 (A.17) becomes

— (T2 NP1 | Nads | oa
— “Z )| ==+ == — Al
(p1—p2)g+T <k2 k1> ( o + oo > " (A.18)

The sign of ¢ is fixed by the sign of the LHS since the RHS coefficients of ¢ must
all be positive for a real physical system.

Hence interface is unstable, i.e. ¢ > 0 if

__(pa—p1)yg
e T (A-19)
]{2 k‘l

A conceptually identically analysis can be applied to axisymmetric geometry. In
this case consider a perturbation £(r, ) to a circular interface between regions 1 and
2 as illustrated in figure (A.2).

e(r,0) = ae™ o f(r) (A.20)
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If L is the radius of the unperturbed interface then the (dimensionless) wavenumber

n is defined to be
B 2nL

A

Let us define a Darcy velocity field in the local vicinity of the perturbed interface.

" (A.21)

As before @ is defined to be the (purely radial in this case) velocity of the unperturbed
interface.
u = Uf + ugf + u, T (A.22)

Let u, ~ gb% = u, = pace™ o f(r). Continuity of fluid implies V - u = 0.
=

10 1 0ug
Hence % = —%(TUT). Substituting the expression for u, above and integrating
yields an expression for ug.

P .

% — —paoemiTot {rf'(r)+ f(r)} (A.24)
= inf+ot
a/O.eZTL ag

up =~ 27 ) 4 £(1)) + alr ) (A.25)

Let us consider a horizontal medium, i.e. where the gravitational potential is
constant V r, 0. In this case Darcy’s Law becomes u = —%Vp. Evaluating the angular

and radial components we find

k10p
_ _ k Op
utu, = — 0 O (A.27)

Substitution of ug in the first of these equations and integrating yields an expression
for the pressure field p.
n ¢a o ein6+ot

2k {r?f (r)+rf(r)} +a(r,t)0 + B(r,t) (A.28)

p:

To prevent p from being multivalued as 6 is varied from 0 — 27 the integration
constant «(r,t) = 0. Substituting this formula for g—f into the radial component of

Darcy’s law yields (also substituting for )

inf+ot

N inb+ot _ _77</5a06
’ {u—i—qﬁaae f(r)} =

{27 o) 43+ 500} + 2200

(A.29)
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Since this must be valid V 6 we can compare coefficients of €™ to yield an ordinary

differential equation for the function f(r).
P2+ 3rf + f(1—-n?) =0 (A.30)

To solve let us define f in terms of a new variable v.

f=wor (A.31)
=
= v4rd (A.32)
o= 20+ (A.33)
Substituting these results yields
r2(20" + 10") 4+ 3r(v + ') + (1 —n?) =0 (A.34)
=
30"+ 5r20" + (3 —n?)rv =0 (A.35)
Let define an additional variable z
z=Inr (A.36)
=
% - (A.37)

1(1d? 1
_{ d*v drdv} (A.40)

P rdE  Pdide
1 (d?v dv
= _2{W_d_} (A-41)

Hence r3v” + 5720’ + (3 — n?)rv = 0 transforms to (note elimination of variable r)

v dv dv 9
E—E+5%+(3—n)vf0 (A.42)
- d? d
4 3 -nu=0 (A.43)

dz2 dz
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Substitution of a prototype solution of the form v = €* yields

E4+46+3-n2=0 (A.44)

£=-2+1+n2 (A.45)

Hence a general solution for v(z) takes the form

v(z) = Ae(F2HVIF?)z | po(-2-Vifn?)z (A.46)

Now v = % and z = Inr , hence

f(r)= Ap~HVIn? | p—1=Vitn? (A.47)

Integration of the radial component of Darcy’s Law yields the simplest expression

of the pressure field

. s
p= —% {ET + ¢aoe’”9+at/ f(r')dr'} (A.48)
= 1ot
p= o S (T

where p* is the constant of integration. In order for p perturbations to decay far
away from the interface in both regions; in region 1 (r < L+¢) : B = 0 and in region 2
(r>L+¢): A=0. Absorbing the remaining constant into a we arrive at a complete

solution for the pressure field

inf-+ot
—m{ﬂr—i-—(baale_i_ = rvl+”2}+pf r<L+c¢
n

b= inf+ot (ASO)
Ny [_ pace _ /—1+n2} "
—_ = ur — ———7r + r > L + g
ko { V1+n? P2

These two expressions must be equivalent at the interface r = L + . Making this

equivalence we find

mb+-ot
0 = “Bluwee S T g s
¢agein6’+at

ph+ L2 {E(L te) (L +e)VIH? } (A.52)

V1+n?
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If perturbations € are initially small?>, i.e. ¢ < L one can approximate the
(L +¢)* 7% terms binomially

14+n?
(L+e)YTF7? = pViFn? (1 + %) ey Sy n2} ~ LV (A 53)

%

— VTR
(L&) ™YH = LV (142

V1 +n2} ~ VI

(A.54)

Applying this and differentiating the above expression wrt to ¢ yields (at 6,¢ = 0)

-1
oop (2 m) (Mg V) VLI
]{2 k‘l k/’l k2 ¢CL

ba

the sign of o is fixed by the sign of D2 _ M

-1
Since (%LV Tn? 4 %L*V 1*"2> VLin® st be > 0 for a real physical system,
1 2

Hence for instability

M2
—= > == A.
o > o (A.56)

which agrees with the more general condition derived for linear geometry when the

effect of gravity is also included.

Note these results agree with those presented by Phillips in [8] (pp 164) if one
changes the sign of @. In his analysis the unperturbed interface is defined to move in
the opposite direction of the gravitational field.

2The jist of the entire analysis is to assert a small perturbation and calculate conditions for that
perturbation to grow (by the sign of o). The aim is not to solve for the exact shape of the interface.



Appendix B

Temperature variation of Sodium
Chloride and Sodium Sulphate

saturation solubility

Solubility is defined as the mass of salt dissolved divided by the total mass of solution.
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Figure B.1: Saturation solubility of sodium chloride as a function of temperature.
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Figure B.2: Saturation solubility of sodium sulphate as a function of temperature.



