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latA = 45°, longA = 12, latB = -1¢, longB = 99, arc length = 1.77
Equivalen_t Earth arc length = 11259km




Damn! Freddie’s not Cook’s!

Motivation

CSM is working on aspects of maritime navigation with his Div,
and we got chatting on the way to Freddie’s ....

Since to a very good approximation the Earth is spherical* it
occurred to me there are some classic mathematical problems
to solve, and all involve:

* Visualizing trajectories defined in spherical polar coordinates
* Recipes for defining circles drawn on the surface of a sphere
» Transformations between Earth centred Cartesian X,y,z coordinates and a

Cartesian ‘East, North, Up’ system where x and y are in the tangent plane to a
given latitude A and longitude ¢.

Due to the long history of Navigation there is much estoterica
inherent in the textbook solutions to these problems. Can we do it =4
systematically, using methods that a Pre-U student could readily = E55§¢
understand?

1

* The polar radius differs from the equatorial radius by a factor of ~1-

228.257
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Three problems

1. Visualize a curve defined parametrically in spherical polar coordinates

rit) = 1.3 + 0.1*sin(t)
lat(t) = t +0:1*cos(3*t)
long(t):= 2%t




i This is the general problem
' with special cases being

' Great Circles and lines

of constant latitude

|
|
R |

[
|
|

Three problems ....

2. Plot a circle drawn on the surface of a sphere

Define the circle

via the latitude and
longitude of a normal
to the circle and the
angle a between the
circumference,

sphere centre and
normal.




Three problems ....

3. Define the Great Circle arc, which is the shortest distance between two
points on the surface of a sphere. Very useful for aircraft or ship routings!

latA = 52, longA = 1°, 1atB = 22, longB = 114, arc length = 1.5
Equivalent Earth arc length = 9547.5km

Example:
London to Hong Kong

Accurate distance

from Heathrow to Hong
Kong Airport is 9,606km
Google Maps



https://www.google.co.uk/maps?biw=1896&bih=1016&q=london+to+hong+kong+distance+in+km&bav=on.2,or.&bvm=bv.144224172,d.bGs&um=1&ie=UTF-8&sa=X&ved=0ahUKEwjw8KCowMzRAhXHJ8AKHYDYB4MQ_AUIBigB

Plus an additional
frivolous problem ....

Death Star:o = 15°, lat = 21.2, long = -63°, k = 0.2

Is the Force strong
enough to give me a
parabolic indent in
my Death Star?

Don’t forget to distort
the lines of latitude and
longitude too...
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N A
Spherical polar

coordinates |

N /Earth y /:/Iatitude
- o » E
Latltude/ - / |
T g
e G
longitude
¢ . o i Equator Position vector
Merdian r=XG+YE+ZN
G|=|E|=|N|=1 X =T C0SAC0S¢
G-E=G-N=E-N=0 Y =rcosAsing
GxE=N :
Z=rsinA
ExXN=G
N XE =E For simplicity, we will use a unit sphere of radiusr =1

Geocentric “Greenwich, East, North” unit vectors — a right handed set.



Also define a Cartesian coordinate
system based upon a local tangent
plane to a point on a unit sphere
characterized by (1, )

A =Gcosg+Esing
> E

B\

G

2=(Gcosg+Esing)cos A+ Nsin A

y =—(Gcosg+Esing)sin A +Ncos A
X={x2

X =Ecosg—Gsing

i.e. based fixed (A,
IF = XG —|—YE—|—ZN Position vector 5. DasEr UPeT @ 17 ( ¢)

/ of the X,y,z system origin

I =C0SACoS@PG + coS ASINPE +SIN AN + XX + Yy + 22




Parametric trajectory plot
MATLAB demo spolartraj.m

rit) = 1.3 + 0.1*sin(t)
lat(t) = t +0:1*cos(3*t)

. long(t) = 2%t
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Position vector

r=XG+YE+2ZN
X =TrCOSACOS¢

Y =rcosAsing
Z=rsinA

For example:

0<t<4rn
r=1.3+0.1sint
A=1t+0.1cos3t
¢ =2t

MATLAB: plot3(x,vy, z)




Circle on a unit sphere
The radius of the

N circle circle is sin«

>

s Position vector (from origin of sphere?*)

G - A A = o
r=sing(Xcosd+ysind)+zcosa
2= (GCOS¢+ Esin ¢)COS/1 +Nsin4 To plot, define @in (for example) 300
{ = —(G cos ¢+ Esin ¢)sin 2+ NcosA linearly spaced steps between 0 and 2.
_ Then work out X,Y,Z coordinates.
X=Ecosg—-Gsing

*i.e. not surface in this particular case. This is OK sinceZ is a radial vector.



MATLAB demo spherecircle.m

Special cases:

Sphere circl;e_:,a.'::"so"d; fiét“:~42_°, long = 102 Lines of Longitude

ad=57
A=0

Same code

function _

N used to plot Lines of Latitude
all the circles! ] = nl /4
P O<a<ir

Any Great Circle
a=+7

r=sina(Xcos@+ysind)+2cosa




Great circle arc between two points on a unit sphere

Using radians, arc length

s S

unity
r-r,= |r1 FZ COS f =CO0s f3
S B =C0STr, -,

Unless the points are on a diameter, we can form a unique
normal vector to the great circle between the two points.

2® Yy =2xX , I xr,
/, = ——=—
sphere ‘rler‘

origin

Set |X=I ..y=2ZxX

Position vector * |r =K cOSy + Y Siny
0<y<p

Choose gto be the minor arc i.e. the smaller of fand 27 -

to form a right handed set
of basis vectors

' If the points are
i on a diameter,

' any Great Circle
- passing through
i them will suffice!
|

|

—_—_—— e —— — — a1



MATLAB demo greatcircle.m

latA = 52, longA = 1°, 1atB = 22, longB = 114, arc length = 1.5
Equivalent Earth arc length = 9547.5km

Great‘(:ircle arc ' Use the arrow keys

ey i ' to modify the latitude and |
0.5 ' longitude of positon 1
i and a, z and s, d keys i
n o Of , forposiion2 |
0.5
| r=XG+YE+ZN
e | X =COSACOS¢
o9 e "5 Y =cosAsing
0
Major arc of 05 — Qi
Great Circle 1 « z sin 4
(green y To plot we need X,Y,Z
dashed line)

MATLAB: plot3(x,y,z) In geocentric Cartesians



Parabolic indent (or cap!) on a sphere (“Death Star Problem™)

normal line 1%
N /

The Death Star
from Star Wars
(Diameter 120km)

r=XG+YE+ZN
X =C0SAcos¢

Y =cosAsing
7 —sin A Mimas — a Moon of Saturn
(Diameter 396km)
™ Ar
I
|
—Sina | sina sin Find coordinates on (unit)sphere
\i/9 d surface which satisfy:
I
| -1 A
-k ar=k| == -1
| sin’ o n<a
I
: . : For th ints, le X,Y,Z
Define parabolic indent as a function orthese points, scale by
of the sine of an angle 7 from normal line 1+Ar




MATLAB demo deathstar.m

Use arrow keys to move the indent around
in latitude and longitude

Death Star:q = 15°, lat = 21.2, long = -63, k = 0.2

Death Star:¢ = 15°, lat = -21¢, long = 195, k = -0.75

-1

Press h to toggle wire frame mode
Press v to return to textured surface

Change size of circle (i.e. )
using a and z keys

Change k using k and m keys



Death Star:q, = 15°, lat = -21&, long = 195, k = -0.75

Give the Death Star
a‘nose’ifk<0

Now that Disney has bought
the rights to Star Wars...

X y

Pinocchio has experienced the dark side of the Force ....
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Geometry MATLAB ., 4 Navigating

Areas of basic shapes code the Sphere '

Arcs, sectors, radians Andy French 0s

Argand diagram complex loci February 2017 -
» Cartesian equation of a circle »
» Circle theorems 8 g 1 2 18 gt F g1

Lines and angles |
Loci & constructions "
Polygons

Symmetry :
Transformations using matrices: Intro v
Transformations using matrices: Rotations :
Transformations using matrices: Not about the origin
Transformations using matrices: Invariant lines
Vectors

Vector equations of lines and planes

Volumes of basic solids Presentation

Geometric transformations using matrices
IGCSE trigonometry proofs
First 86 Pythagorean triples

Special triangles
Basic geometry notes

Chimborazo Maths is Fun: Geometric
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Proof of circle theorems Construction animations
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=13+01sn)
Isa(t) = t + 0.7°cos(3*)
long(y) = 24

Constructing a8 Manx window

Approximately regular N-gon

construction scheme
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Construction of a regular
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N

Construction of a regular
hexagon and dodecagon

Construction® of a regular
heptagon

iy —

Construction* of a nonagon




