Probability Generating Functions are a useful tool with reference to discrete probability distributions, that is probabilities P(x) that are a function of the positive

integers x = 0,1,2,3,4,5.... i.e. Uniform, Geometric, Binomial and Poisson Distributions, but not a Normal distribution of continuous random variables (i.e. where X can
take any real value).

Definition: G,(z) is the Probability Generating Function (PGF) associated with discrete random variable x. p(x) is the probability of x occurring. z is a real number and
G, (2) is the expectation of the quantity z*.

) B ) If we can construct G,(z) for a particular probability distribution, then its algebraic properties enable us to efficiently compute useful
G,(2)= E[Z ]Z Z p(x)z properties of the distribution (such as the mean, variance and the distribution of combinations of random variables). It works very much
x=0 like a Moment Generating Function (MGF), but is restricted to discrete random variables.
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Example: non uniform distribution u=E[x]=G (1) Example: Binomial Distribution
_ 2 _\[x]=G' (1) - i NE .
x=123 o =VIX=GM-#+ul | x=012..,N  pKXIN,p)=——p (- p)"
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Example: Geometric Distribution G.(2)=N(N-1)p*(pz+1-p)
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Geometric progression with first term pz and common ratio (1- p)z x=012..
_ _ N N X
G, (2)=lim| P22=0=P) ) p(x| )=t
N o 1_(1_ p)z x!
N
GX (Z) — L , St |(]__ p)z| <1 Unless p = 1, this will always be true GX(Z) = z p(x | A)ZX
1-(1-p)z when z = 1 since p is in the range [0,1] x=0
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Combining discrete random variables Example: Sum of two six sided dice being rolled

Outcomes for each dice are 1,2,3,4,5,6. Probabilities for each one are 1/6.

y= Zai X; Consider a weighted sum of random variables X;,X,,....X,

Let X be the outcome of dice 1 and Yy be the outcome of dice 2. Assume
both are independent.

Zn:aixi
. _ Yy | — i1 — Xy 53X, X,
..Gy(Z)—EI:Z ]—E[Z —E[Z z vl ] GX(Z):%21+%ZZ+%23+%Z4+%25+%26

. . . . G ()=t +iz?+i°+iz* +12° +17°
If two random variables have zero covariance, this means there is no y( )=3 6 6 6 6 6

correlation between them. In this case we say each random variable is independent. The PGF for the sum of x and y is therefore:
cov[x, y] = E[xy]- E[X]E[Y] G,.,(2)=G,(2)xG,(2)
cov[x, y]=0= E[xy] = E[X]E[Y] G.,()=%(2'+2+2+2' +2° +2 )
Therefore if n random variables X;,X,,....X, are all independent G,, ()= (X +2%° +3x* +4x° +5x° + 6X" +5x° +4x° +3x*° +2X11+X12)
G,(2)= E[Zalxlzazxz ___.Zanxn] [Z%] [ azxz] E[Za % ] Now from the definition of the PGF:  w=Xx+Yy ; G,(z)= Z p(w)z"
|G, (2) =G, (z*)xG, (z*) x...G, (z*) Hence:
w 012 3 45 6 7 8 9 10 11 12
So if random variables X,y are independent pPwW) 0 0 % % % % % = % % % % 3%

(2)=G,(2)xG,(2)

x+y

pr(w) £(2+6+12+20+30+42+40+36+30+22+12)

Example: Sum of two Poisson distributed variables ﬂ:%
x,y=012,.. 2 B 2
o' =) wp(w)-u
G,(z) =gtV %
G (z)zeﬂ?(zfl) o’ (4+18+48+100+180+294+320+324+300+242+144)
1974 72
P oo R
GHV(Z):e%%)(Z_) This result is consistent with Y EIRBDER- 2 2/36=0056
T what could be obtainedusing 2|3 |4 |5|6 7|8 [} 3 |3/36-0083
|'“_Gx(1)_’11+’12| ) i an addition table. 3/a|s5/6|7/8|9] [5 4 |4/36=0111
o=G,) - +u=(h+4) ~(h+h) +A4+4 + [5]s|7 [0 [0 [E 5 foreoms
7 6 6/36=0.167
— 7 However, the PGF approach 506/7[8|8|10/11 s T5/3 013
is powerful since it could 6 7.8 9w ulill |, + lafseoomn
_ X ~Po(4), Y ~Po(4,) be extended to more than two = 3 |3/36-0083
Which proves the result: dice, or dice with different 1 2 |2/36=0.056
X+Y -Polh+4) numbers etc. 2 1 Jums-oon |
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