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Exact model (no air resistance) using constant acceleration motion

l\

The only acceleration is g downwards!

X =U.t

_ 1 2 Projectile motion model
y T h + uy 2 gt 14

- « No air resistance
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Need to convert angles

into radians

= 5cS9*cos( ScS8 * pi()/180)

t =t +At

=e5 + ScS13

Projectile motion model
A. French Jun 2017

Inputs

No air\yesistance mgdel

Vy

t[s L |vx

VY

X

14.1421%

.
14,1441

20, 0

2

0.01] 14.14214

14.04404

19.93078] 0.141421

A
2130031

0.02| 14.14214

13.94594

19.8¢(75

0.282843

2.780881

launch angle /deg

45

0.03| 14.14214

13.84784

19779209

launch speed /msn-1

20

0.04| 14.14214

13.74978/19.724

launch height /m

2

0.05| 14.14214

13.65464

19.656

g /msh-2

9.81

0.06| 14.14214

1345354

10.588

0.07| 14.14214

A3 45544

19.520-

|Tirne step /s ‘

0.01]

0.08] 14.14274

13.35734

X =uUt

0.09] 144214

13.25924

0.1| A14214

13.16114

0.17] 14.14214

13.06304

0.424264

2.*1935

— gt
= ScS9*sin( $cS8 * pi()/180 ) - ScS11*e5

v,

2
TV,

= sqrt(f5°2 + g572)

P o R S T

Projectile motion model

y:h+ut——m

19.452981 1.1313711 3.0999791

= S$c$10 + ScS9*sin( Sc$8 * p|()/180 )*e5 — 0. 5*$c$11*(e5"2)

A12] 1414214

12.96454

19.18566

1.697056

3.626424

" 0.13] 14.14214

= ScS9*cos( ScS8 *

12.86684

19.1195

pi()/180

1.838478

) e 5 10958

3.755583|
83761]

37174

0.17| 14.14214

12.47444

18.85767

2.404163

4.262409

0.18| 14.14214

12.37634

18.79292

2.545584

4.386662

0.19| 14.14214

12.27824

18.72846

2.687006

4.509935

0.2] 14.14214

12.18014

18.66429

2.828427

4.632227

0.21| 14.14214

12.08204

18.60042

2.969848

4.753538

0.22| 14.14214

11.983%4

18.53685

3.11127

4.873868

0.23| 14.14214

11.88584

18.47358

3.252691

4.993217

0.24| 14.14214

11.78774

18.41061

3.394113

5.111585

0.25| 14.14214

11.68964

18.34796

3.535534

5.228971

0.26| 14.14214

11.59154

18.28561

3.676955

5.345377

0.27| 14.14214

11.49344

18.22359

3.818377

5.460802

0.28| 14.14214

11.39534

18.16187

3.959798

5.575246

0.29| 14.14214

11.29724

18.10048

4.1012189

5.688709

0.3] 14.14214

11.19914

18.03942

4.242641

5.801191

0.31] 14.14214

11.10104

17.97868

4.384062

5.912692

n3i?i 1414214

11 Nnn2a4

No air resistance model in Excel:
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XUVAT equations in both x and y directions!




Cross sectional area
Lo pA”
_ 2P

k = m—_—

Drag Mass Air density
coefficient

Model which incorporates air resistance

mkV Newton Il

Air resistance always
opposes the direction V

of velocity y Mma. = —mg — 7 mkV2




Model which incorporates air resistance

Vv K =
X 2
a, =——kv
\V x andy Drag
accelerations coefficient

v
a, =—0g——~kv’

X:a —y:a Xandy

At X7 At y accelerations

— =YV Xandy

At X At y velocities

Cross sectional area

1
3 CoPA

m

Mass Air density

Shape Drag
Coefficient

g phere —_— O 0.47

Half-sphere —— G 042

Cong — q 0.50

Cube — 1.05

Angled . 0 0.80

Cube

C;F:c?er _}: 0.82

e — [ 233
Strzaﬂndﬁlined . C::' 0.04

Strearmlined

Half-body %D_DS

Measured Drag Coefficients




Model which incorporates air resistance V

t=0
u,=ucosé
u,=ucosé
X=0
y=h

Initial conditions

i.e. how Xy, V,, vy

change between
time steps

Kk — 3 CoPA
m m

mkv* Air resistance factor
mg
t .=t +Al Finite time step (e.g. 0.01s)
V| o .
a =—-—Xkv X Acceleration

X

V

Voo o
a, =—0—— Kv y Acceleration
Y

Xn+1 = Xn + VXAt + %aXAtZ Constant acceleration

. , Mmotion between the time
Yo=Y T VyAt T3 ayAt steps (the “Verlet” method)

(n+1) _ ,(n)
v, =V, +aAt

(n+1) _ ,(n)
Vy =V, +ayAt

2 2
v:ﬂ/vX +V,



=
BB vlo~ouswnie

a. =

X

\'
=-(N5/P5)*$C$18*(P5/2)

a,=—g

Vv

Y ky?

\'

=-$C$11 -(05/P5)*$C$18*(P5/2)

=SCS9*SIN (SCSS* PI()/180)
—05+SCS16* M5 v =viV 4+ a At

AC

A B c D E F G H J K L M N 5 T u \% w X Y z AA AB
Projectile motion model
A. French Jun 2017 No air model Air
t/s  |wx vy v x v wa/ v Projectile motion model
0] 17.32051 10 20 0 2 .36035 732051 A 0 2
Inputs 0.01]17.32051| 9.9019| 19.95113| 0.173205| 2.09951 -1.35489 "17.3969)| 9.8040%5 1§b§54z OA73137| 2.08947 8
0.02| 17.32051| 9.8038| 19.90263| 0.34641| 2.198038 -1.34948 %6]  0.7882] 19.b7131] Q46138 z.1¥7 + No air resistance
launch angle /deg 30 0.03| 17.32051|  9.7057| 19.85449| 0.519615| 2.295586 -1.34411 86| 9.682462| 19.40767] §.519004] 2.205%35 ) ]
launch speed /msn-1 20 0.04| 17.32051|  9.6076| 19.80672| 0.69282| 2.392152 -1.3387g1 -10. .26p42 '36] 2.391961 7 - Alr resistance
launch height /m 2 0.05/ 17.32051]  9.5095| 19.75932/ 0.866025 2.487738 -1.33449 . 25503] \f — V +V 33| 2.4867X2
g /msh-2 9.81 7.2497| y '97] 2.58095%
drag coefficient cD 0.1 _SCS9 Xk COS SCSS* PI 180 .22641| 9260509 19.35/F| 1.209127 2,5740% . \
cross sectional area - N,
/ma2 0.007854 21318 _S T N 5 /\2 05/\ 2 \
air density /kgm~-3 1 0.09 17.32051]  9.1171] 19.57349] 1.558846| 2.86027| | -1.31277] -10.5008[ 17.2001 = Q
object mass /kg 0.1 01]17.32051]  0.019[19.52799] 1.7: ' ' ! ! ! f
0.11]17.32051]  8.9209| 19.48288| 1.9C k 2.840333] 19,31 556 1.897129] 3.036103
0.12| 17.32051]  8.8228| 19.43815| 2.0; =N5+$C$16 I_5 8.735528| 19.J5621[ 2.068802] 3.123982
air resistance factor k| 0.003927 0.13] 17.32051]  8.7247| 19.39382| 2.2¢ 2.630822| 19/19734] 2.240345] 3.210814 £
0.14]17.32051|  8.6266| 19.34989| 2.4248/1| 3.303802] | -1.28/83| -10.4508| 17.1348/| 8.526215| 19.13897] 2.411758] 3.296599 = 4
0.15 17.32051) 8.5285| 19.30635| 2.5!  (p+4]) (n) 10.441[ 17.12199] 8.421707| 1b.08108| 2.583042] 3.381339
0.16] 17.32051]  8.4304| 19.26322| 2.7 Vx = VX + a At ).4314] 17.10916] 8.317297| 19.02369] 2.754198] 3.465034
Time step /s| 0.01 0.17| 17.32051|  8.3323| 19.22049| 2.94-r10u| siwsusru —s.cs5ue -40.4217] 17.09638| 8.212983[ 18.96679] 2.925226] 3.547685 3 H
0.18| 17.32051|  8.2342| 19.17817| 3.117691| 3.641078 -1.26865| -10.4122| 17.08365| 8.108766) 18.9104| 3.096126| 3.629294 s
0.19]17.32051|  8.1361| 19.13625| 3.290897| 3.72293 -1.26396| -10.4027| 17.07096| 8.004644| 18.8545| 3.266899| 3.709861 s
0.2 17.32051|  8.038| 19.09475| 3.464102|  3.8038 -1.25931] -10.3933] 17.05832| 7.90061f| 18.7991] 3.437545] 3.789387 3 :
0.21]17.32051| 7.9399| 19.05366| 3.637307| 3.88369 -1.25471] -10.3839] 17.04573| 7.7966¢5| 18.7442] 3.608066] 3.867874
0.22| 17.32051|  7.8418| 19.01299| 3.810512| 3.962598 -1.25015] -10.3746 17.03318| 7.6928h6[ 18.68981| 3.77846] 3.9~
0.23|17.32051|  7.7437| 18.97274| 3.983717| 4.040526 -1.24563| -10.3654] 17.02068]  7.5491[ 18.63593] 3.94873 1 2
0.24] 17.32051|  7.6456| 18.93291| 4.156922 | 4.117472 -1.24115] -10.3562] 17.00822| 7.48446 18.58256| 4.118874] 4.0 X = Xn + VXAt + E aXAt
0.25|17.32051|  7.5475| 18.89351| 4.330127| 4.193438 -1.23672| -10.3471] 16.99581 735&883 18.5297| 4.288894
0.26| 17.32051|  7.4494| 18.85454| 4.503332| 4.268422 -1.23233| -10.3381| 16.9834
0.27| 17.32051|  7.3513| 18.81599| 4.676537| 4.342426 -1.22798| -10.3292] 16.9711 _Q5+SCS 16* N 5+ 5 %k L5 %k ($C$ 16/\2)
0.28| 17.32051|  7.2532| 18.77788| 4.849742| 4.415448 -1.22367| -10.3203| 16.9588
0.29] 17.32051|  7.1551| 18.74021| 5.022947| 4.48749 -1.21941| -10.3114| 16.946 50
0.3 17.32051|  7.057| 18.70297| 5.196152| 4.55855 -1.21519| -10.3027| 16.93441| 6.865422| 18.27316/ 5.137145| 4.527614 ‘ x/m
0.31]17.32051|  6.9589| 18.66618| 5.369358| 4.62863 -1.21101 -10.2939| 16.92226| 6.762396| 18.22341 5.306429 4.595753

3CoPA
m

k:

=R5+$C$16*05+0.5*M5*($C$16/2)

=0.5*c12*c13*c14/c15 Yoot = Yo +V,At + 2@ At?

Air resistance model in Excel — constant acceleration motion between each time step



Inputs
launch angle /deg 30
launch speed /msA-1 20
launch height /m 2
g /msn-2 9.81
drag coefficient cD 0.1
cross sectional area
Jmn2 0.007854
air density /kgmn-3 1
object mass [kg 0.1

air resistance factor k | 0.003927

Time step /s

0.01

Investigate the effect

of air resistance using
the model!

Projectile motion model
8
« No air resistance
7 « Airresistance
Apogee
6 /
5 ™\ g
£, ia
%
s f \
2 + s
* Maximum range
3. %/4
0 10 20 30

Xx/m

50




Inputs

drag coefficient cD 0.1
cross sectional area

/mA2 0.007854
air density /kgmn-3 1
object mass [kg 0.1

air resistance factor k | 0.003927

Time step /s

0.01

vx /msh-1

20

18

16

14

12

Projectile motion model vx

e

air resistance

resistance

\k

t/s

2.5




Inputs

drag coefficient cD 0.1
cross sectional area

/mA2 0.007854
air density /kgmn-3 1
object mass [kg 0.1

air resistance factor k | 0.003927

Time step /s

0.01

15

vy /msh-1

-15

Projectile motion model vy

« No air

resistance

- Airresistance




Inputs

drag coefficient cD 0.1
cross sectional area

/mA2 0.007854
air density /kgmn-3 1
object mass [kg 0.1

air resistance factor k | 0.003927

Time step /s

0.01

v /msh-1

25

15

10

Projectile motion model v

20«.....'...‘\

_—

\ir resistance

|

lo air resistanc

0.5

1.5

2.5




Inputs

drag coefficient cD 0.1
cross sectional area

/mA2 0.007854
air density /kgmn-3 1
object mass [kg 0.1

air resistance factor k | 0.003927

Time step /s

0.01

y/m

Projectile motion model y vs t

o airresistance

irresistance

0.5

2 2.5




