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Election cup sinking time vs hole diameter
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York
°

1665. A bale of damp cloth is delivered to the
Derbyshire village of Eyam... George Viccars, the tailor's
assistant, dries the cloth and releases fleas infected m e

Manchester
Q

with Yersinia Pestis bacteria — Plague P | i

Blacbépool Legds

Hull
c

Peak District
National Park

Nottingham
(o}

Rector William Mompesson quarantines Eyam and
records Infected, Susceptible and Dead populations

as time progresses —_——
\L Susceptibles Infectives | Recovered |

TR X RE
N _
BN
Eyam model: alpha = 2.99, beta = 0.0183, dt = 0.005 L ———-
| | | —1
S
200 —D

C

9

S 150 .

g Can we develop a mathematical model to
£ 100! predict I,5,D vs time? What does this tell us
2 about Epidemiology in general? —

e.g Flu, Ebola

J

\Calculus methods, differential equations

5 1 5 3 p numerical methods, line of best fit, iteration, loops ...
t /months




We performed the Eyam analysis in Python, then in MATLAB.
You can also construct an Euler model via a spreadsheet (Excel).

WO (00|~ | B W N

A

B C D F G
Black Death Epidemiological model using the Eyam data
Andy French & John Cullerne. 24th February 2018.

Initial population NO 249.5

Initial number of succeptables S0 235

Initial number of infectives 10 14.5
Transmission rate constant beta 0.017759

Death rate constant alpha 2.9

timestep dt /months

t /months N N+D = NO
0 249.5 249.5
0.1 245.3 249.5
0.2 240.6 249.5
0.3 235.3 249.5
0.4 229.4 249.5
0.5 223.0 249.5
0.6 216.1 249.5
0.7 208.8 249.5
0.8 201.1 249.5
0.9 193.2 249.5
1 185.1 249.5
1.1 177.0 249.5
1.2 168.9 249.5
1.3 161.1 249.5
1.4 153.6 249.5
1.5 146.4 249.5
1.6 139.7 249.5

Eyam population during 1666 plague outbreak
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time /months
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dt
dl

= (S| — ol
a P e
dD
— =l
dt

Euler numerical iterative
solution scheme

Leonrd Euler
1707-1783

o
a=23894, [=—-—

P 163.3
t,=0, S, =235, I,=145, D, =0
t., =t +At

Sn+1 — Sn _ﬂSnInAt
L, =1, +(BS,1. —al,)At
D, =D +al At




Euler Eyam solver implemented in MATLAB with a Graphical User Interface (GUI).
Change the inputs via the sliders or edit boxes, and the curves are computed automatically.

<Student Version= ; eyam E [=] @
Eyam Euler model: o = 2.99, g = 0.0183, At = 0.005 10 S0 s s
| : : : I 14.5 235 2.987 163.3
; i s S : : : :
200 f-o- - S R T e Rl %4 »
[ H H .
o : : i
@ 150 [ s AR et T .
= s s |
o 1
(@] .
Q |
% 0 T L L .
) ;
L :
BO f-oreeeeee ------------------- -
0 i I 1 |
0 1 2 3 4 - - - -
t /months
Imax = 26.76, timax = 0.9 ‘ '
\ Overlay Mompesson data Smin = 86.72
Dmax = 162.8 Timestep /months 0.005
‘ Save PNG ‘ Max time /months 4 EYAM MODEL. A French Jun 2019.




Liberia Jul-Oct 2014

@ World Health EBOLA RESPONSE ROADMAP
)
l\

, — . . Y e
fﬂ\\ o O ¢ Organization SITUATION REPORT
300¢ f \ : \\ y 29 OCTOBER 2014
/f AN
c ./ Liberia
'-g 250 B // "\{/}\\ 1 500
‘_U fﬁ' '\\
-} / Y
3 ;
i \ !
& 200 /f :
= / iir-=
o 150+ / | € z e
= / Smo 3
0 / |
) ‘
£ 100 v - |
j«/“k . LU _|II|IIII he-
50 = //' ] P A I R Q;\» &
/s
0 0.5 1 1.5 2 2.5 |
time (t) /months Eyam model fit
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max 0 max
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S,1,D population
S o
o o
o o

500 " ;’
0 *“;4‘\,, = = L=
0 1 2 3 4 | 166 0.575 2 0.05
t /months

0 Overlay S and Daswell as 17 1 Use §.07 [[]30?

Optimize imacmax | RN Ever |
550 = o424 Ne2s2  beta=oo00est 0 | | N
untme [0 5 = EYAM MODEL. A French Aug 2019. 0 1 2 3 4
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Eyam model: «=2.99, 3=0.0183, At=0.005

@\ Black dashed lines I
T g are Euler model. S
200+ \Q ; Black circles ’are e D
Mompesson’s data
C = '
5 L
— X ~ Po( SSI At :
T 150" ==
- AS =-X, Al, =X;
o Po(al At)
~Po(a

S y
£ 10
m ......
>
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t /months



log( P(D,t) ) : «=2.99, p=0.0183, At=0.005 log( P(l,t) ) : «=2.99, 3=0.0183, At=0.005

250
200
i 150 1.4
[
P
8
= 100 -6

t /months

t /months

log( P(S,1) ) : a=2.99, $=0.0183, At=0.005

Probability map, computed
from 50,000 iterations. Black
circles are Mompesson data
and black dashed lines
correspond to the Euler
model.

Susceptibles (S)

t /months



Cumulative UK CV- 19 deaths fthousands 05/03/2020 15/12/2021

Cumulative deaths /thousands

150 One can estimate the
number of CV-19
infectives from the
100 cumulative deaths:
1
S0 ka dt ka t t
n+1 n-1
From Oxford World in data
0 L L L L L
O 00 deesince os0a0s0 0 7% Estimated UK COVID-19 infectives 05/03/2020 - 16/12/2021
Find the gradient and 212/ |
scale by: =
» ! _
ke =0.01x z% days™ g (1) |
9.32 = %
O 0.8 7%; { \ B
Note mortality fraction k and disease uqc—’ T‘ T T |
time constant e may vary considerably within a population < 06" T i f 1 J
and indeed post-vaccination — so treat with caution! D Jlf % % 1
3 P
Q
. ’ £ 0.4 }u‘g | |
Note: as per the ‘daily death rate E %
1 0.2

graphs in World in Data, we also apply

a seven-day moving average to % | ‘ |
smooth the numerical derivative. 0 100 200 300 400 500 600 700
Time in days since 05/03/2020



https://github.com/owid/covid-19-data/tree/master/public/data

P(T[H)
095
.r"'/-/r
P(T'|H
oy M 1o '0)5
0.01 =
- ™~ TJI
<
. E(HI) P(T[H) - T
0.99 0.05
™~ ’ -~ o
H™<_p(rmy
0.95
_I_,
P(HIT)
Probability of hypothesis true 0.1061
given pass of test
P(H|T') (False negative)
Probability of hypothesis true 0 000531

given fail of test

BAYES-O-METER

A_French. February 2014.

P(H'|T) (False positive)
Probability of hypothesis false
given pass of test

P(HT)
Probability of hypothesis false
given fail of test

-
-
-

P(HIT) - H
- 0.161
"“F'(H'LT]
0.839
"
P(H|T')
0.000531 "
BT
0.999

0.839

0.999

1701-1761

Thomas Bayes
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Probability of urn given data

O

O

O

Probability of urn given data. Urn was actually B

p=0.6, g=0.55

r"“'ww”‘-'\/*ﬂ-'_”‘_hrh_'m I I

Urn A: 60% red balls, 40% black

8 Urn B: 55% red balls, 45% black -
8 — P(A|data) ]
—— P(B|data)
4 ]
2 i
0 | 1 I
0 200 400 600 800

Ball draw number

1000



P(A]x) given p=0.9, q=0.8

P(A|x) given p=0.8, g=0.7

50 50
40 . 40 : L
. . T . o .
pis fraction | 7 qis fraction | |
% | of red ballsinurn A | °° % ofred ballsinurn B | | °¢
20 . - 0.4 200 - 0.4
0 0
00 20 30 00 20 30
N N
P(Alx) given p=0.7, g=0.6 P(A|x) given p=0.6, g=0.5
50 ‘ : 1 ‘ 50 : ‘ , ;
40 ] OO OO SO
B0y Probability of urn A >
ool given X red balls out of N picks
0 10
00 O0




May’s Chaotic Bunnies

| published this
model in 1976

Robert May
1936-

Assume an ecosystem can support a maximum number of rabbits.
Let X be the fraction of this maximum at year n.

To account for reproduction, next year’s population is
proportional to the previous.

To account for starvation, next year’s population is also proportional  *'
to the fraction of the maximum population as yet unfilled. :

The population next year is

— — predicted using this iterative
X, =X, (1-X,
\

N+ equation called a logistic map

\

Growth
parameter

The pattern of X values with n
is not always simple .....
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r=15 r=25
1 1
0.8} . 08!
One solution
0.6} 1 1 0.6-!“%55!' ..........................................
g One solution Ll
04 |04l
i!l“““”“' .................................. B
0.2 il - m {02
% 10 20 30 40 0 % 10 20 30 40 50
Iteration Iteration
r=35

r=33

02t -

Two solutions

10 20 30 40 50

Iteration

0,2*‘,l:f::5:;: :

X, (1-x,

0 10 20 30 40 50 0
Iteration

bifurcation intervals
is a universal constant!

4.669201600...

Iteration

Tracking the bifurcations maps the
‘road to chaos’. The ratio of successive

May Bifurcations Logistic map

d

A B cCD

1.5 2 25 3
Growth parameter r
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May Bifurcations Logistic map

1 ; ; | | |
09 .For.eve.ry.g.rth.h. pa.ra.hete.r R .
0.8~ 1000 iteratioﬁs are wdrked out Bifircation//x'\
0.77  then the X valéues of tHe next 1000
0.6 iterations aregplotted
< 0.5
04
0.3 stable
- equilibrium
o2 o
0.1
Extinction | Chaos!
° 05 1 15 2 25 3 35 4

Growth parameter r

Model breaks down forr >4



0.9

0.895

0.89

x 0.885

0.88

0.875

0.87

May Bifurcations Logistic map

It turns out the ratio of successive
bifurcation intervals

is a universal constant!

Zooming in reveals
an ‘infinite tree of
bifurcations’
during chaotic
regions

May Bifurcations Logistic map

0.9
0.8

07

06

x 05
04
03
02}

01

0 0.5 1 15 2 25 3 35 4
Growth parameter r

354 356 358 36 362 364 3.66
Growth parameter r



Double pendulum

m,=1kg m,=3kg |,=3 metres |,=1 metres Lorenz attractor

time'=42's 1

Angular velocity /rad s 1

Angular velocity /rad s 1

4 i
Angle /rad X



Lorenz and Rossler strange attractors

Edward Lorenz was using a Royal McBee LGP-30 computer in 1961 to model weather patterns.
He accidentally fed in 3 digit precision numbers into the model from a printout rather than the
6 digits used by the computer. These tiny errors created a hugely different weather forecast....

Lorenz’s weather model was very sensitive to initial conditions.

s=10
r=28

His equations looked a bit like
these:

O t Edward Lorenz
1917-2008



https://en.wikipedia.org/wiki/File:Edward_lorenz.jpg

_ . Lorenz attractor
Although X,Y,Z trajectories
Twenty trajectories

are chaotic, they tend to )
) . overlaid from random
region.

This region is called a
Strange Attractor

dx
E—s(y—x)

0
d——x(r—z)—y

20



Lorenz attractor: iteration 1 Lorenz attractor: iteration 1000 Lorenz attractor: iteration 2000
P i

Lorenz attractor: iteration 2200 Lorenz attractor: iteration 2400 Lorenz attractor: iteration 2600

TN

Lorenz attractor: iteration 3000

Lorenz attractor: iteration 6000

Applying the Lorenz
equations, a cluster
of initial X,y,z values
separated by a tiny
random deviation
will eventually
spread out evenly
throughout the
strange attractor.

Lorenz attractor

Based upon Shaw et al;
“Chaos”, Scientific
American 54:12 (1986)
46-57
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Super Computer.mp4
Super Computer.mp4

Atmosphere Temperature vs altitude
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Sun

‘Anti solar
direction’
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The Subtlety of Rainbows

Rainbow

Observer

Elevation of Sun
above horizon

spherical
water droplet

Horizon




Alexander's
dark band
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https://en.wikipedia.org/wiki/Rainbow



https://en.wikipedia.org/wiki/Rainbow
https://en.wikipedia.org/wiki/Rainbow

Incident ray \

from sun 0 \\ A

v

-~
~
~
~
-~

Spherical
raindrop of

The Subtlety of Rainbows

radius a

-9

Deflected

ray Angular deviations of ray in radians

———————————————————— start to finish A B ¢

Observer e = 4¢_2H



Spherical
raindrop of

radius a

_——

—
—
_—
—_—
—

Incident ray
from sun

T+e&

Angular deviations of ray in radians

___________ T+e =0—@Q+m-20+71-20+60—¢

Observer start tofinish 4 B ¢ D

LE=T—60+206



https://en.wikipedia.org/wiki/Rainbow

e /deg

180
160
140
120
100
80
60
40
20

Elevation of deflected beam /deg
Primary €=40.9° to 42.5°, Secondary £=50.2° to 53°

I

n

= —6sin"’ (Smg}LZQ




Elevation of single and double rainbows

[ I I I I

SGW

..-_...--“""""' ‘Mé‘:ﬂ—6sinl[smgj+29

0 =sin" (

- g=4sin"’ [Smgj—ZH

n

Primary rainbow M

450 600 550 600 650 700 750
Frequency /THz



Mandlebrot transformations of complex numbers

i°=-1

Z=X+1y
X = Re(z)
y =1m(z)

2] = X" +y’

A+1D)1+1)
=1+2i+i°
=1+21-1
=21

Im(z)

_2 | 1 1 I
-2 -16 -1.2 -0.8 -04

Re(z)

0

04 08 12 16 2

-
Zn+1 o Zn T ZO

2 . . . .
1.6 The Argand |
1.2} - diagram

z, =—1.8+0.8i

0.8 :
0.4_

0 .

z,=0.5-0.3
04+ . . |
z, =0.66 —0.6i

-0.8} | .
12} z,=0.58-11i
18| 'z, =-04-16



Im(z)

y=

Im(z)

y=

S
(¢}
T

0.5

0.5

Mandelbrot z
n+

Diverges outside
Mandelbrot set

T

S
(¢}
T

Im(z)

y=

0.5

-0.5

Im(z)

y=

0.5

T

T

T




julia.m plot option abs diverge
Plot a surface with height
h(X,y). This is the iteration

number when |z| exceeds a
certain value e.g. 4

|
| In this case colours indicate |
|

height h(X,y). Itis a ‘colour-map’. |

|
|
|
- ___1

julia.m plot option plot =z
Plot a surface with
height h(X,y)

X=Re(z), y=Im(z)
h(X,y) = gV

36




B jutiz =R EoRF==

s —— Mandlebrot, complex
numbers and iteration

' The Mandlebrot Set has infinite
complexity!

“Dijon" French

__________ ' _ _ ' ... But a recursive fractal geometry

ersion 1.

— Define size of Argand diagram

xwidth x centre v centre H julia E = @
1.501% -1.1386 0.36269 % — Julia ical opti
Julia function z-=f(z,z0)
— Ci ite image opti Colour opti Output PNG image properties.
A
max ¥ of tile pixels 200 NaN colour Colormap image width image height zh2 420
Delete composite images (1l (Lo )| ane 0o Map creation rule

abs diverge -
Convergence radius lterations.
4 50
Map function
abs hd

atical options

‘Written by Andy "Dijon” French
Version 1. March 2011

z"2 +z0 — Define size of Argand disgram———
xwidth x centre  centre
Map creation rule 15019 -1.1386 0.36269

Julia function z->f(z,z0)

abs diverge v. — Composite image opti Colour opti Output PNG image properties ————
Convergence radius lterations. max # of tile pixels 800 NaM colour Colormap image width image height
4 50 Delete composits images 11 prism A 200 600
Map function
abs -

Written by Andy "Dijon” French ;:
Version 1. March 2011

— Define size of Argand diagram

xwidth X centre ¥ centre
0.10481 -1.7489 0.00084002
—C ite image opti Colour opti Output PNG image propertiess ————
max # of tile pixels 800 NaM colour Colormap image width image height
Delete composite images 11 prism T 800 600

Benoit Mandlebrot (1924-2010)







The light bulb 7 = |Og 7 7

n+1



1(,2
7 steps to enlightenment 7 = = tan (Zn + Zo)



The Mandlerocket! Z . =SIN / /



W

““AA‘

2
Micro mandlebeast Zn+1 — (Zn -+ Z0 )




Mandlebrot surface: iteration 1 Mandlebrot surface: iteration 2

-1 0
real numbers x
real numbers x

Mandlebrot surface: iteration 4
Mandlebrot surface: iteration 3

\!
-1 0
real numbers x

-1
real numbers x

Mandlebrot surface: iteration 7
Mandlebrot surface: iteration 5

-1 0
real numbers x

real numbers x



Mandlebrot surface: iteration 13

real numbers X

Mandlebrot surface: iteration 24

somplex nUmbers]j’y’

0.5 -2 -1 0 1

real numbers x

Mandlebrot surface: iteration 15

real numbers x

Mandlebrot surface: iteration 64

omplex numbers ity

0.5
real numbers x

Selection from Day of Julia.
Mathematicon Exhibition, 2014

Mathematicon


http://www.eclecticon.info/mathematicon.htm

7 steps to enIightenmerfF Zn+1 — tan_l (Zlf + Zo )

Mandlebrot surface: iteration 24

real numbers x

< x=Re(z), y=Im(z)
o n(xy)=e"”



n+1

The Mandlerocket Y Sin—l (Zﬁ n Zo )

Mandlebrot surface: iteration 25

real numbers x

X=Re(z), y=Im(z)
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2019 votes per region (millions). Total=32.01
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