Electromagnetic induction, generators and transformers
Fleming’s Left Hand Rule of electromagnetism tells us that a
charge moving in a magnetic field will feel a force, which acts
perpendicular to both the magnetic field direction and the
direction of travel of the charge.

Current

Similarly, if a charge carrying conductor is moved through a
magpnetic field, an electromotive force (EMF) will be induced
across it, which will result in a flow of charge (i.e. a current). The
same result can be achieved by exposing the conductor to a
time varying magnetic field.

These effects can be described mathematically by Faraday’s
Law of Electromagnetic Induction.

d(D EMF (i.e. a voltage) induced in a closed loop of a
&= conductor is proportional to the rate of change of
dt magnetic flux that the loop encloses

Flux is the integral
(“summation”,

essentially) of the — . ds
magnetic field ® sm-!;ceB ds -,Z
projection on vector surface
area elements of the

surface enclosed by 100

the conductor loop. dl P

dl
The EMF results from an electric field E
induced across a conductor. Since
electric field strength is the gradient of
the electric potential:

E=—Ve —7

By convention, surface normals
are defined as outward if the
enclosing loop is anti-clockwise

£=¢E-dl

The ‘inverse rail gun’ is a simple example of Faraday’s Law
in action. In this case the conductor is manually moved along the rails
at velocity V. If it moves through a magnetic field as shown, a current will
be induced in the circuit and flow through the load R. -
~_lelg
As aresult of Lenz’s law the

conductive rod will also feel a X
et
urt

resistive force F AC/

Left Hand Rule

S

This rule works for finding out
the direction of force on a current
carrying wire in a magnetic field

A opposing N pole is induced
in a solenoid if a N pole is moved

towards it. A S pole will be induced
if the magnet is moved away.

Direction —

St John Ambrose
Fleming
1849-1945

Direction
of Current

But not induced
currents from motion
cutting magnetic field
lines! You need the
Right Hand Rule for
this.

0 r>a

Solenoid of N turns in total length |
with core of relative permeability u

If solenoid has cross sectional area A, flux of magnetic field is
i NIA
|

Therefore flux linked by the N loops of coil conductors is

BA=- (Flux is in units of Webers, Wb)

2
NBA = —LO'I\‘ la
2
Therefore back EMF induced is & = —i( NBA) = —W"iNAd—I = —Ld—I
dt | dt dt
. , L = AeNA
i.e. the EMF, by Lenz’s Law I <~ Inductance

will oppose the change which

duced it (units of Henrys, H)
produced i

Michael Faraday
1791-1867

Joseph Henry

1797-1878

Wilhelm Weber
1804-1891

- Heinrich Lenz
k] In time dt the change in area swept by the moving conductor is Ivdt. If our conductor loop 1804-1865
° follows the current induced (clockwise) then the vector area enclosed by the loop points
= . . . . . .
downwards. Since B points upwards the change in magnetic flux is therefore negative:
do
dd=-Bxlvdt .. y =—Bvl  From Faraday’s law this means an EMF: |¢ = _dﬂ = Bvl
dt
. ) Bvl
This means an induced current: || = ?

Note from Fleming’s Left Hand Rule, the induced current will result in the moving conductor feeling a resistive

We can use Fleming’s Right
Handed Rule to connect
Motion, Field and Current in
the induction situation

.

force (i.e. in the opposite direction to its velocity) of magnitude: |F = BI|

We can also justify Faraday’s law using energy. The work done /s Fv against

Fv=Bllv=1l¢

the resistive force must equal the power |l& dissipated in the resistor: -.e=Bvl

conductive rails
4 is the permeability of free space. It is defined to be 4, =47 x107 NA?
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Alternating Current (AC) generator

A I
M tic Poles Area
Saltlil enclosed
/ \ by conductor /
loop Induced /
Magnetic Flux
voltage
in coil /
Slip-rings — " | Wire Laop
Y {the conductor)
Carbon " In t seconds the wire loop
Axis of Brushes assembly will have rotated
Rotation by at radians
Flux linked by N windings of conductor \ A rotating magnet will induce sinusoidal EMF in a solenoid.
| nclosing area A rotated within . . .
oqps enclos g.a ga otated wit . Projection of The rate of change of flux is essentially proportional to the Time
uniform magnetic field of strength B is: o . . g
magnetic field velocity of the magnet towards the coil. This is why the
on vector area maximum deflection of a galvanometer will occur when the
® =NBAcoswt <—— ; - o . S
of wire loop is: magnet is pointing upwards, since all of the velocity is pointing
ch) Bcos at towards the coil.

dt When the magnet is in the horizontal position, the
| & = NBAwsin ot | EMF induced in coil magnet is moving fully downwards and therefore
there is no velocity towards the coil, therefore no change
of magnetic flux linked and therefore no EMF induced.

—— 2
NBAw
0.51 T T T T T
I A more efficient AC generator will have coils in
| several different orientations.
ot | : : N
20 | Industrial generators avoid problems with frictional
| losses in the slip rings by keeping the coils fixed and
0.5 Lrotating the magnets instead.
-1+

w=2rf
< Coil rotation frequency

[=}
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Magnetic circuits. Inductance, Reluctance, Permeance

Just as an EMF drives current round a circuit, we can think of a ‘magnetomotive force’ (MMF)
‘driving’ magnetism round a magnetic circuit, which must always comprise of closed loops.*

Electrical circuit

AR
"

(I

rR=Pl
A
Resistivity P
. 1
Conductivity o=—
Y2,
Resistance R
1
Conductance =—
EMF [E-di=¢
loop
Ohm’s Law c=1IR

Magnetic circuit

Permeance A = i
R

MMF cj)H-dI:S

loop

Hopkinson /

Rowland’s law S=0ON

magnetic flux

Note for an N turn solenoid
3I=NI

Inductors, Self Inductance and Magnetic Energy

A component in an electrical circuit which is capable of generating a back-EMF via
induction is called an inductor. The symbol for it represents a coil, since this would be the
most straightforward geometry for generating a magnetic field.

—> B
N |
— y
a1 Solenoid of N turns in
a1 total length | TN
AL £— with core of relative
a_ i permeability 4. Cross Inductor
a_ 1L sectional area is A with
q inductance L
E —
| <« <1 core of relative
permeability £ Consider a solution of
the form:
—bt
1 1 | =a(l-e
wot 1 (1-e™)
Hily di
. — =abe™
dt
Reluctance SR dl
LE +IR=¢ .. Labe™ +Ra—Rae™ =¢

ae™(Lb-R)+Ra=¢
The solution fits for all values of time t if

Lb—R:O:b:%

Rt
| :i(l—eL]
R

Define characteristic ‘current
establishment time’

t
=L 12 f|1 e
R R

Ra=¢

Hence:

©
R
——

In the circuit on the left, the net EMF
applied to the resistor is

g—Ld—I
dt

Hence by Ohm’s Law:

S—Ld—lz IR
dt

Ld—|+ IR=¢
dt

Current in LR circuit. L= 1H, R =100Q, e = 2

20

I /mA
=
.

10 15 20 25 30
t /ms

Now power input to circuit is &l

Hence from above:

Power
dissipation in
resistor

le—|+I2R=5I
dt

. d 1 2 2 _
“aﬂgLI)+IR_gI<;\qumwr

to circuit

The first term is the rate of loss of energy in the
inductor, so therefore the Magnetic Energy

(i.e. the energy stored in the magnetic field of the

inductor) is:

E=iLI?

*Unless a magnetic monopole exists

B = g4, H for isotropic magnetic media
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Mutual inductance and transformers Induced Substituting for B in the Primary coil equation The inductances are given by (see page 1):
Secondary . -
AC output 1 LeloA M""( ('F':/"TA )J Lo ssNeA  _eNGA L (ij
S RMS r +Liw o = = L=
/]\ 3 \L voltage L iwA Mo A I I L N,
r \ 1o @
1--=* — — =
0 - _ = ) X/ r r(R + lea)) Define a dimensionless coupling constant from
) — Solenoid of Np turns— <f | . which we can define the mutual inductance
Zgr_nary a1t in total length | ‘—"'i 1=Al1+ Loiow 4 M’w’
ffemomtiue b 7] | - e
< menaeme 2 Rl| O TR Lio)
voltage a . . ) vV . -1
— b sectional area is A a— | Liw M 2@ ) .
V, q d H S SJA= 1+ =4 - Now consider the quantity
—t = r r(R+Lsio) , ,
7] D —— \ iM oRA E=3L1.+3LI+MIl,
A SB=— dE dl, dl dl dl
Secondary coil r(R+Lsiw) L—=Ll, +LI,=—=+MIl,—=+MI,—£
Primary coil of / of inductance dt dt dt dt dt
inductance o ) R
L, core of rglgtive Ls The power dissipated in the loads r and R yvr;ch is es_?ﬁ_nnally trée rate of pc;]wer roww;]g in the
permeability 1 is given by** inductors. This must be greater than zero, hence:
For coupled inductors, connected within a magnetic circuit mediated by a soft — 1 2,1 2 >
magnetic core such as iron (i.e. where it will lose its magnetism once current is P.=3 Re( lorx IP) sLelo +3L 15+ MIgl, >0
switched off in the solenoids), if we apply Kirchoff's Second Law: P _1 Re(l R I*) . (I | ) L. M) I, 50
s~ 2 s xlg AU s >
M LU
Applied EMF vV, — dl, P M == dl =1.r Primary solenoid L, M
minus back P odt dt 1 >0
EMF + EMF di, di, It can be shown that the Ideal Transformer M L
due to mutual -L,—==I1,R=V, Secondary solenoid Equation is applicable in a high frequency, ,
induction® dt dt low secondary current and high coupling S LLg-M*2>0
situation: ~M < JLL So the maximum value
M is the mutual inductance between the solenoid coils. Let us w>1 for the coupling
[0<k < : ;
consider steady state solutions to the coupled differential equations R Ve L _ Ny ) ' constant is unity.
above. It makes sense that the secondary AC output is at the same > VS |_s Ns
frequency, but different phase and amplitude as the input. k—1 A
V. Ve \ Simplistic derivation of ideal transformer equation
F 0 . o B in our case since Magnetic flux linked by primary and secondary coils is:
Actual values | = Vo Aeit Note constants A and B will P =Re(V)x Re(l ) the coil lengths
will be ;hﬁ rell —> 7 < :)oe;c()crgupr:f;(o?;?azzrs V=V +iV and areas are O, =N;BA, ©,=N_,BA
parts of these _ 'R ! th
I _\QBQWt differences | =1, +il @ same V. =— do, _ -N Adj
R SToodt % dt
i * i —i i.e. via Faraday’s L
Substituting these into Kirchoff's Second Law and dividing by Voeth vi (VR +1V, )( le =1l ) dcpp dB .. via Fraraday's Law
| LioA MioB _, - — VIT =Vl 4V, 1 +i (V1 +Vel,) Ve=——qr ~ oAy
e kI i i - —
r R ~B= “L’I = R“’L_ BRe(VIT) =2V 1 +3V,1, Vs _Ng
MioA LioB _ . (“ ij r(R+Lio) VN
r R
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Primary coil phasor

Secondary coil phasor

0
Magnitude of VsiVO. Ns/Np = 2 Phase of Vs/V0 /radians . 25
— — 1.5f ~
/ T "‘. 20
1 J"‘ 1 \ﬂ 4
f \ - s
08 | k- \ £ / S M EMF
g | I @ i £ back EMF s
s 80\ E g | = —PDs
2osl | J \ 2 / 2 10 p
| o . S > /
[ ™~ > 10 /
0.4*‘| o . 5 /!
02 | T i :
- "I T L f" 0(‘_____
05 | | . - 14/ e
0 s : : 0 10 40 50
0 10 20 30 40 5t Frequency /Hz 0 2 4 6 8 10 o 5 10 15
Frequency /Hz Volts (real) Volts (real)
, Current magnitude in coils Current phase in coils Power dissipated in loads
T T T T T 5 T
\ Primary I Primary || | Primary
0.9} | Secondary| 14 ‘\ Secondary| 45} Secondary|| MATLAB mOdEI ofa trgnsformer.
oal | | 120 1 . { | The phasor diagram is a plot of the real and
o 1 . imaginary parts of the various EMF and voltage
: L 08 1 38 1 components of the equations
< 06 1 5 08 2 3 | 1
% 05 1 B 04 1 £ 250 | 1 dl dl
go g : § : Vo —L,—2+M—==1,r Primary solenoid
Soa ] g o2 - S8 2 1 dt dt
Te— | 0 1
03 ] 1 di, . dig :
02 1 02 ; | M——L_-L . —3=IR= Secondary solenoid
B T 04 — S — — dt dt
01} 1 08 B N T 05 T 1
% 10 2 0 40 50 0 10 20 30 o 50 % 10 2 30 20 50
Frequency /Hz Frequency /Hz Frequency /Hz
(B0 <Student Version> : transformer =< (B <Student Version> : transformer =) O |
'/;;1 3 B L] r1n(|:; ;g:(; N:Q’;:: :‘:)::; E ’Tx ”::1 Rl I 0| rmax R max Np max Ns max k max
Magnitude of Vs/VO. Ns/Np = 2 — Significant Magnitude of Vs/VO. Ns/Np = 2 100 sfiggm 1000 g 1000 L
< Pri load Primary  Secondary Coupli iati — Prit
:T;:;uyms R',O::,:,, turns Np turns Ns cozli':a:tg k IddeVIaI'tlon from the e Pn::;:;ymlnad RI,?,,?“, w"v‘v;agp s:frﬁ';dr:;y :co:ﬂ:lg k
10 10 100 200 03 ea gl .../ 10 17788 100 | 200 1
...................... Transformer =
‘ Equation g / V, N,
£ . 1 ,’ sa) __) A OO (SUE—
= gy when Kk is much 2 ] v N,
—~— less than unity /
05/
P |
H / H
0 i i i
0 10 20 30 40 50 0o 10 20 30 40 50
Frequency /Hz Frequency /Hz
Pri C lati -
L L — — > [l o e
Collrosssecton 1 e o 7650 | Much better agreement Collcross section ) 4 eyt I 0.37699
— (no drag) when the secondary (no drag) i |
Coil length /m 5 Secondary coll . . Coil length 0.1
ncoctance i | 1-508 = == = s == load resistance R is S e o | 1.508 == -9 - -
(drag) .
Mexreauency | 50 Nind oy 5 much higher than the Maxtrequency | 5o Vil s
|Vs/VO| IHz |Vs/VO|
inductance /4 0.22619 primary load r, and k is inductance /4 0.75398
,
[SaVETPNG | Fix axes scale TRANSFORMER SIMULATION by A. French 2016 unity [SaVEIPNG| | Fixoes scaie TRANSFORMER SIMULATION by A. French 2016
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