Trigonometric identities

Useful algebraic relationships can be proven between the basic trigonometric functions of sine, cosine and tangent.

Geometric proof of Addition formulae for tan

the addition . .
+
formulae tan(A+ B):sm AcosB_cc.>sAs!nB
cos Acos B Fsin AsinB
cos(A+B)  sinAsinB
+
A+B tan(A+ B) = tan A+tan B
1Frtan Atan B
sin A .
sin Acos B /\
1 B Basic trigonometry ang =2
i X
sin(A+B)
R2 — xi +y2
R Pythagoras’ theorem
cos A y=Rsind
cos AsinB
N
A x =R cos@
B
cos Acos B sin@+cos? 6 =1

sin(A+ B) =sin Acos B +cos Asin B
cos(A+ B) =cos Acos B —sin Asin B

Rotation anticlockwise about (0,0) by angle @

R - cos@ —sind
cos(tA)=cosA oddand sin @ sin@  cosd
. _ even
sin(+A) =sin A relationship ~ \

sin(A£B)=sin AcosB+cos AsinB

cos(A+B) =cos Acos B Fsin Asin B

sin(A+ A)=sin Acos A+cos Asin A
cos(A+ A) =cos Acos A—sin Asin A

tan(A+ A) = tan A+tan A
1-tan Atan A

sin2A =2sin Acos A

cos2A =cos? A—sin? A Double
angle

tan 2A272tanzA formulae

1-tan“ A
cos2A=cos? A—sin? A
cos2A=1-sin®> A—sin® A
=2

C0s2A=1-2sin“ A Squares of

sin? A=1(1-cos2A) sine and
cosine

cos2A =cos® A—sin* A
cos2A = cos’ A—(1-cos’ A)
cos2A=2cos* A-1
cos” A=1(1+cos2A)

Use of rotation matrices to derive sine and cosine
addition formulae

R =R, R,
cos(AiB) —sin(AiB)
[sin(A * B) cos(4+ B) J
cosB  FsinB)cosAd -—sinA
B [i sinB cosB J[sin A cosA J

cos(4+ B)=cos Acos BFsin Asin B
sin(A * B)= sin Acos B+ cos Asin B
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Formulae for cubes of sine and cosine

sin(2A+ A) =sin 2Acos A+cos 2Asin A
cos(2A+ A) =cos2Acos A—sin2Asin A

sin2A=2sin Acos A
cos2A =cos? A—sin? A

Area of an isosceles triangle can
be calculated in two ways:

1kxksin2A=2x1ksin Axkcos A
~fsin2A=2sin Acos A

ksin2A

ksinA  ksin A

sin3A =2sin Acos Acos A+(cos® A—sin® A)sin A
sin3A = 2sin Acos® A+ cos® Asin A—sin® A
sin3A = 3sin Acos* A—sin® A

sin3A = 3sin A(l—sin2 A)—sin3 A

sin3A =3sin A—4sin’ A

sin® A=1(3sin A-sin3A)

cos3A =(cos” A—sin® A)cos A—2sin Acos Asin A
c0s3A= (cos2 A—(1-cos? A))cos A—2sin Acos Asin A
cosSA:(Zcos2 A—1)cos A—2sin® Acos A

c0s3A =2c0s® A—cos A—2(1—-cos® A)cos A

cos3A=2cos® A—cos A—2cos A+2cos® A
cos3A =4cos® A—3cos A

cos® A=1(3cos A+Cos3A)

Addition formulae for inverses

sin(A+B)=sin Acos B+cos Asin B

A+B=sin™ (sin AV1-sin? B ++/1-sin? Asin B)

a=sin A
b=sinB

sinta+sin*b=sin™ (aa\/l—b2 +by1-a° )

cos(A+B) =cos Acos B ¥sin Asin B

A+B=cos* (cos Acos B T y/1—cos? A1 cos? B)

a=CcosA
b =cosB

Addition of mixed sine and cosine
asin A+bcos A
Rsin(A+a)=Rsin Acosa £ Rcos Asina

Rcosa =a

Rsina=b

tana:E
a

R%cos? o + R%sin> ¢ =a? +b?

R=+va’+b’

costa+costb=cos™ (ab Ty1-a21-b? )

asin Axbcos A=+/a’ +b’ sin(Axtan2)

+
tan(A=+ B) = tan A+ tan B
1xtan Atan B
+
A+B - tan tan AxtanB
1xtan Atan B
a=tan A
b=tanB
1 a 4 axb
tan"attan" b=tan
1xab
Other useful identities provable
iti : s . A+B A—B
from addition formulae st s B -17- cos 2=
1 g B
cosAcosB = ~ [cos(A+ B)+cos(4—B)] sinA—sinB=2cosA 5 sin s . B
) il_... . b
smAcosB=;[sm(A + B)+sin(A— B)] cosA +cosB=2cosA—: cosA = -
. ) 1 ) . A—B
sinA4sinB = > [cos(4—B)—cos(A+ B)] cosA—cosB=—2sin sin
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Alternative proof for sine addition formula

|sin(A+ B) =sin Acos B +cos Asin B

asinB
Motivation from double angle formula proof: 2acosC
Area of an isosceles triangle can z— B-A
be calculated in two ways: -
1kxksin2A=2x1ksin Axkcos A
asin A

.~.|sin 2A=2sin Acos A|

ksin2A \l/

Now generalize!

360° =90° - A+90° +B+90°-C+90° -C
\l/ asin A+asinB =2acosCsin(A+C) 0=B-A-2C

Area of the larger triangle can be ~.sinA+sinB =2cosCsin(A+C) C=1(B-A)

calculated in two ways: sin A+sinB = ZCOS(%)Sin(%)
aCoS A bcosB 1absin(A+B)=1asinAxh +1bsinBxh

bsin(A+ B) Eeoitgeh‘t’:emca' h=bcosB=acosA

sabsin(A+B) =4asin AxbcosB +$bsinB xacos A
~[sin(A+ B) =sin Acos B +cos AsinB |

asin A bsinB

Note: you'll need a and b to be the lengths of the slanted sides, and choose the form of the
vertical height of the triangle h such that ab is a factor of each term on the RHS, which will then
cancel with the ab factor on the LHS.
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