Stirling’s Approximation and Binomial, Poisson and Gaussian distributions
AF 30/7/2014.

These notes describe much of the underpinning mathematics associated with the Binomial, Poisson and
Gaussian probability distributions. Key aspects are:

o0 o0
The use of the Gamma function I'(n) = / 2" te~®dx to derive the standard integral n! = / x"e "dx
0 0

o0
A derivation of the result / e Vdy =7
—00
Use of the the above results and Maclaurin expansion of In(1 + z) = = — “7”—22 + %3 — ..., for |z| < 1, to
derive Stirling’s approzimation n! ~ n"e "+/2mwn, which is valid for large n
A derivation of the Poisson distribution P(z) = ’\I;f ~ as a limit of the Binomial distribution P(z) =

#Mpz(l —p)"* , when n is large and p is small, but the expectation A = np is constant.

A derivation of the expectation F[x] and variance V[x] of the Binomial and Poisson distributions. This
is done directly (for the Poisson case) and also via Moment Generating Functions (MGFs). The MGF of
a distribution of random variable x is M(z,t) = E[e*!]

An argument which shows the Poission (and Binomial) distributions tend to a Gaussian in overall shape
as, respectively, parameters A and n become large.

A derivation of the Central Limit Theorem. i.e. “The distribution of the mean values of a set of inde-
pendent random values tends towards a Gaussian distribution if the number of samples is large enough.”

Reference: The essence of most of the arguments presented here have been adapted from from Riley,
K.F., Hobson, M.P., Bence, S.J., Mathematical Methods for Physics and Engineering. Third Edition,
2006. Cambridge University Press. pp636-640, 1174-1188.

1 The Gamma Function and Stirling’s approximation

1.1

Definition of the gamma function

The gamma function I'(n) is defined by

It

1.1.1
1.1.2

I'(n) = /Ooosc”_le_l’dsc (1)

is undefined for an n of zero or negative integers. (See figure below).

Special case #1: I'(1) =1

ra=1 (3)
Special case #2: I'(n+ 1) = nI'(n)
F'n+1) = /Ooosc"e Tdx (4)
= [—e %27 — oon —e ) 2" dx
= [y = [Tn(-em)ar )
= n| 2" le%dz
— 04 /0 d (6)
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Figure 1: Plot of the gamma function I'(z) = / w® le~%dw. Note it is undefined for x = 0 and negative
0

integers.

Therefore
I'(n+1) =nl'(n) (7)

o0
1.1.3 n!:/ e dx
0

Using I'(1) = 1, and taking n to be a positive integer

re = ra=1 (8)
ra = 21@2)=2 (9)
') = 3'd)=3x2=6 (10)
') = 4I'd)=4x3x2=24 (11)
Hence
F'n+1)=mn! (12)
We can therefore write
n! = / e Tdx (13)
0
1.2 Stirling’s approximation
In the previous section we derived the result
n! = / e Tdx (14)
0
Now 2" = (el“)n = e""% hence
n! = / R (15)
0

We can expand this by using the substitution x =n +y



n! = /00 exp{nln(n+y) —n—y}dy (16)

Now
_ Y\\ _ Y
In(n+y)=In (n (1—1—5)) =Inn+In (1+E) (17)
The Maclaurin series for In(1 + z) is
2 23 2t

which converges if || < 1. Hence if we can accept the argument that “n is sufficient large such that £ < 1”
then we can write

2 3 4
Y Yy Yy Y Y
1(1 —)z——— oY L. 19
ntr n n  2n? + 3nd  4Ant + (19)
Hence
0o 2 3 4
Yy Yy Yy Y
nl = / exp{n(lnn+——+——+--->le}dy (20)
. n  2n?2  3n3 4nt
0o 2 3 4
nlnn—n Yy Y Yy
- L 42 L 4. —ykd 21
/ne xp {y 2n + 3n2  4n3 * y} Y 21)
00 2 3 4
n_—n Y Y Y
- L 4+ 22 _ 4. .Y 22
e /nexp{ 2n+3n2 4n3Jr } Y (22)

where the last step uses the result """ = (eln?)" e = pre"

Now if n — oo

2
n! ~ n"e"/ e 2ndy (23)
—0oQ
To evaluate this further consider the integral
&0 2
I= / e Ydy (24)
—o0

I? can be written as

I2:/ edey/ e d (25)

which can be interpreted as a double-integral, or area-finding integral over the z,y plane

I? :/ / e*(zz+y2)dacdy (26)
y

r=—00Jy=—00

Changing to plane-polar coordinates r, 6

2?4+ = r? (27)
dedy = rdrdf (28)
Hence

2m o) 5

I’ = / do re” " dr (29)
0=0 r=0
= 277/ re " dr (30)
r=0



Now

d —r2\ 2
e (e ) = —2re (31)
1d 2\ g2
5 (e ) =re (32)
1
/re_r2dr = —§e_r2 +c (33)
Hence - ) )
—r2 _ = _p2]° i
/Tzore dr = 5 {e }0 5 (34)
Therefore
I? = 277/ re dr = (35)
r=0

‘Which means

| evdy= v (36)

Hence, using substitution k = J2Ln

(e} 2 (e}
/ e indy =2n / e dk = 2 (37)

—0o0

Stirling’s approximation is therefore, for large n

n! &~ n"e "\/2mn (38)

2 The Poisson Distribution

2.1 Deriving the Poisson distribution as a limit of the Binomial distribution

Let us firstly consider the Binomial Distribution, that is the probability of z successes out of n independent
binary outcomes, (i.e. success or failure) where the probability of success in each ‘trial’ is p

n!

pr(l —-p)" (39)

Ple) = (n—a

The probability of a sequence of x successes followed by n — x failures is p*(1 — p)"~*. The number of
permutations of x sucesses and n — x failures is (n_"iz'),x,, hence the result above.

For a random variable to be Poisson distributed, let us assume success occurs at a average ‘rate’ A. If there
were n binary trials occuring one after each other within a given time interval then we might expect A = np
of them to be successful, since E[x] = np is the expectation of the Binomial distribution.! In this case x is
the number of successes with the time interval, i.e. corresponds to a (random) success rate. For example, the
probability of a goal resulting from any given kick in a soccer game is fairly low. There are probabily thousands
of kicks per game. However, the expected number of goals scored is likely to be something like 2 or 3 per game.
The goals scored per game are therefore likely to obey Poisson statistics.

Let us assert as a condition for Poisson distribution that n — oo and p — 0 such that np = A is constant.

|
n:
Plx,A\)= lim —p"(1—p)"° 40
(@A) = _lm eI (1-p) (40)
!For the Binomial Distribution P(z) = (n+x!)!x!p‘"”(l — p)" ™% the expectation (mean) is E[z] = np and the variance is V]z] =

np(1 — p). This result is derived in later sections.



Now

)

n%o(nni!m)! _ T}Lngo{n(n— 1)(n—2()7.l..(nx;!x+ ) (n — )
= lim {n(n—1)(n—2)...(n—z+1)}
Now :
p'(l—p)" "= i pxp)z(l —p)"
And
no_ A
(1-p)" = <1 n) 2
= 1+4n <—> +5nn—1) <%) + gl —1)(n —2) <E
= 1—)\+%>\2 (1—l> —%AQ (1—§+%) +
Therefore

n—oo n

lim <1 — A) =e A
n—oo n

which results in the useful result

Hence
b
Jdm p )= dm e hm ot
Putting this all together
P(z,A) = lim o X 1 x lim  p"(1—p)""

n—0o0 (n — x)' {E' p—0,n—00

1
= n®x = xpte?
x!

Since A = np the Poisson distribution is given by

ATe~A
z!

P(x,\) =

2.2 Deriving the mean of the Poisson distribution

lim <1§> :1—A+%A2—1A2+...

Note this can be done much more elegantly using a Moment Generating Function (MGF).

(48)

(49)

(50)

(53)

A is correctly associated with the mean success rate if it is the expectation E[z] of the Poisson distribution

Pz, \) = A" Note P(z, \) is a discrete distribution, i.e. random variable x is restricted to being a positive

x!
integer, including zero.

[e’e] o0 )\z
Elz] = ZxP(x, A =e? a '
=0 =0 L
i AT i AT
s x! P (x —1)!

(54)

(55)



To make further progress, let y =+ — 1

Now

Hence

Therefore

1
e)‘:1+)\+§)\2+

00 AT
Z(m—l)! -

r=1

>\l

>

y=0

3!

!

1
X4+

2.3 Deriving the variance of the Poisson distribution

Note this can be done much more elegantly using a Moment Generating Function (MGF).

By definition, the variance V[z] of the Poisson distribution is given by

Vie] = 2Pz, ) — (B [2])?
=0

(59)
(60)

Now
Zx2P(x, A =e? Z '
=0 =0 L
and
2\ e N
Z T Z — 1M
x=0 r=1 (IE 1)
Lety=a—-1
2z > (y+ )N 2 YA A
From above
>
=0 7
Now
DA P
1 — 1)
fz=y—-1
Z(yfl)' DT =AY e




Hence

AT a2
;(ac—l)!_)\e +A (68)
Hence using Ez] = A
=z
Viz] = ey T — )2 (69)
r=1 ’
— ()\26’\—1—)\6’\) A2 (70)
which means
Viz] = A (71)
In summary:
Ae™A
P = 25 (72)
Elz] = A (73
Vig] = A (74

3 Definition of the Moment Generating Function (MGF)

An elegant way of deriving the expectation and variance of the Binomial distribution (and in-fact any distrib-
ution) is to consider the associated Moment Generating Function (MGF) M (x,t). This is defined as

M(z,t) = Ele"] (75)

where z is a random variable. Using the Maclaurin expansion of e/®

1 1
e =1+tx+ E(tat)2 + g(tx)?’ + ... (76)
Hence
t2
M(z,t) = 1+E[w]t+E[x2]§ + ... (77)
We can therefore work out expectations of (integer) powers of x by finding derivatives of the form
n O"M(z,t
gl = 2D (78)
t=0
The variance is therefore
V[z] = E[°] - (E[x])” (79)
M (z,t OM (z,t 2
or? t=0 ot t=0
Moment generating functions for various common distributions are as follows:
Distribution P(x) M (z,t) E[z] V[z]
. (x—p)> a?t? 2
Gaussian exp (W) exp (ut + T) 7 o
|
Binomial myf(l —p)"* (pet +1-— p)n np np(l—p)
Poisson e eMe'=1) A A
! (81)




4 (saussian approximations and the central limit theorem

4.1 Gaussian approximation of the Binomial Distribution

Stirling’s approximation n! = n"e~"\/2wn can be used to approximate the Binomial Distribution when both
the number of trials n and number of successes z become large.

P(z) =

Hence

%

(n—ux)!

z!

n!

pr(l —p)""

(n—=x

n"e " 2mn

€T 1 .
(n —z)n—2e=(n=2), [27r(n — x)xre "/ 27racp (
e "\ 2mn"\/n

V2r\/2memete=t(n — )=, /(n — )

nn

NG

—x

n"“'%
; V2m(n — x)"*x+%x”+2
_ 1
V2r(1 = Tyt gty

Now using the identities 2% = e®™? and e

T

Vartn— ey P

“3 x p*(1—p)"

eBeC — pA+B+C

(1 o _)fn+zf% % :L,f:rf% X px(l 7p)n7:1:

n

_ exp{_ <n_x+%) ]n(l—%)— <x+%) lnx—i—xlnp—i-(n—x)ln(l—p)}

Now consider the change of variable y > 1

Yy=x—mnp

After lots of tedious algebra® it can be shown that:

"Eli
xx\/:fp(

)n—x

—x

i.e. Gaussian in form with mean y = np and variance o

2Riley, Hobson & Bence don’t even attempt it!

o i (@ —np)®
P@)~ v/ 2mnp(l — p) P [ Znp(1 P)]
> =np(1l—p)

(82)

—~
oo
=~

~—

(95)



4.2 Gaussian approximation of the Poisson Distribution
Ae=A

z!
Consider the limit when mean success rate A\ — oo. If this is true then the discrete nature of x has limited

overall bearing on the shape of the curve of P(x), so we can assume it to be continuous. We may also assume
that £ — oo.

Pz, )\) = (96)

To find the limiting continuous distribution of P(z) let us first find In P

InP=xzlnA—\—Inz! (97)
Using Stirling’s approximation, valid for x — oo
x! =~ xe " 271z (98)
Hence
Inz!l~zlnz —x+InVv2mx (99)
Therefore
InP=xzlnA—XA—zlnzx+z—InVv2rzx (100)

Now we assume the Gaussian P(z) ought to fit most accurately around the mean of P(z), which is at
x = \. Hence define z = A + ¢, where + < 1.
Hence

InP = A+elnd—A—A+e)ln(A+e)+A+e—In2m(A+e¢) (101)
= e—i—()\—i-e)ln)\j_ —In27 (A +¢) (102)
€

1 €
- e+(A+e)ln1+§1n,/27rA(1+X) (103)

- e—(A+e)1n<1+§)—1n%—%1n(1+§) (104)
- e—ln%—<x+e+%>1n(1+§) (105)

Now since £ < 1, hence we can use the Maclaurin expansion for In (14 £) = § — £ + ...

Hence
InP = e—InV2r\— )\JreJr1 E*iJr (106)
- 2)\A 22 77
i 2 e 2 2
InP~~e—1 —e—— - —+ 1
n € —In €~ 2)\4-2)\4—4)\24- (107)
2
InP ~ —— —lnv — +. (108)
4)\
Now since § <1 then we can ignore 1 )\2 and 5y terms relative to 5 )\
Hence )
InP ~ f;—A — In V27 (109)
which implies
1 2
P(x) = e 2 110
@ == (10)
Substituting for x = A+¢ we arrive at a Gaussian form for the Poisson distribution, with mean and variance
A
1 )
P(z) = e (111)




4.3 The Central Limit Theorem

Define x to be a random variable, e.g. a random quantity that can be measured n times. Let us assume

each measurement is independent. Let us also assert that the i*" measurement z; derives from a probability
distribution with expectation y; = E[r;] and variance 02 = V|[z;].
Define another random variable .
1
== Z i (112)
=1

i.e. the mean average of the measurements.
The expectated value of Z is therefore

n

PO ERO R 0 o

pz = E[Z] =

The variance is 0% = V[z] = E[Z%] — 1%

0% =Vla] = E[Z%] — u (114)

N 2
E[Z% = E % <Zx> (115)

Ty = me (116)
i=1

j=1 i=1
Therefore )
<Zx,) = Zx? (117)
i=1 i=1
Hence
1 n
E[Z?|=E [—2 Yo ] ==Y Elf] (118)
=1 =1
Now
Ela}) = o} + 1 (119)
Therefore
oy = Vi) = 2% i (120)
1 n
- E LBl (121)

= QZ oF + 7)) — 1 (122)

= EZU?‘FEZM?—/}Z (123)
=1 =1

Again invoking variable independence, hence
1 < 1\
Eyi-(330m) - a2
i=1 i=1

10



Therefore
1 n
2 - E 2
07 = 2 o; (125)
The Moment Generating Function M (Z,t) is defined to be

M(Z,t)=Ele’'| = E [exp (% iﬂh)

Now since each measurement x; is independent

E [Hﬁ] - HE[e%i] (127)

=F

et—ff] (126)
=1

(2

=1 =1
Now 9 3
tzg tx; 1 [tx; 1 [tz
¢ +n+2!<n>+3!<n>+ (128)
Therefore
o t 1 /tN\? o 1[N 5
Ele™] = 1+5E[$¢]+§ <E> E[xz]+§ <ﬁ> Elz;] + ... (129)
t 12, 5
Hence
M(Z,1) ﬁE[eﬂ] f[ P S (0 +12) + (131)
— pooll —u, + —— (o* :
) 1 b nl’l"l 2n2 (3 l’LZ

Now consider the expansion of

18, 12 5 1t 12 )\
eXp(Eﬂi+§ﬁai) = 1+ﬁui+§ﬁ%+§<ﬁm+§ﬁ0i + ... (132)
_ ¢ 182 5
= 1+ ity (o7 4+ 15) + ... (133)
Hence if n is large
t 142 t 12, 5
exp <E,U/i +§ﬁ0i) ~ 1+ Tt 5 (07 + 1) (134)
Therefore in this limit
" t 12 5, " t 12
M(Zt) = E<1+Eﬂi+§ﬁ (U¢+Mz‘)+---> %il:[lexp <ﬁ#i+§ﬁ0¢> (135)

t RN
i=1 i=1

Using the above results for the expectation and variance of Z

1 n

Bz = EZ/’LZ (137)
i=1

S i 138

0z = nzZ% (138)
i=1

11



This means

This is the MGF for a Gaussian distribution with mean p, and variance ¢%.
The above argument justifies the The Central Limit Theorem, which states:

M(Z,t) = exp (tpy + 3t%0%)

(139)

“The distribution of the mean values of a set of independent random values tends towards a Gaussian
Distribution if the number of samples is large enough.”

5 Expectation and Variance of the Poisson and Binomial distributions via

MGF

5.1 Deriving the expectation and variance of the Poisson Distribution via the MGF

For the Poisson distribution the MGF is

Now

Therefore

Hence

Therefore

and

00 z A 00 1\ T
M(z,t) = E[e"] = Z em—)\ ; = Z ()\;l)
=0 ’ =0 ’

= z!
i ()\;l;)x — eket
=0 ’

M(z,t) = Me' 1)

_ OM(z,1)
E[z] = a0 i
_ 9 a(et-1)
—oat t=0
_ )\etex\(et—lh‘tio
= A
PM(x,t)| <8M(x,t) >2
L P CLZ P
9\ A(et-1) )2
at)\e e i A
A (ete)\(etfl)) + )\ete)\(etfl)> ‘t_o _ 22
A+ A2 =N
A

12

(140)

(141)

(142)

(143)

(144)

(145)

(146)
(147)

(148)

(149)

(150)

(151)
(152)



5.2 Deriving the expectation and variance of the Binomial Distribution via the MGF
The Binomial Distribution has the form

n!
P(z) =

— (1 —p)"" 153
TEnrL (1-p) (153)

where x is the number of successes in n independent binary-outcome trials, in which the probability of
sucess is always p.

Let x be the sum of a set of random variables {y;}

o= 3w (154)
=1

where

i = { 1 Success in trial ¢ (155)

0 Failure in trial ¢
The Moment Generating Function (MGF) for the Binomial distribution is

M(z,t) = E[e*] = E |exp {tZyl} —E Het%] (156)
i=1 i=1
Now if two random variables X and Y are independent
Elzy] = Elz]Ely] (157)

Therefore
M(z,t)=FE [H et%] = [ Ble™] (158)
=1 =1

Now since in trial ¢ the probability of success (y; = 1) is p , and failure (y; =0) is 1 — p

Ele"i] =pe' +1—p (159)
i.e. it is the same for each trial (as one would intuitively expect given p is trial independent).
Therefore the MGF for the Binomial distribution is

M(z,t) = [ Ele™] = (pe +1—p)" (160)
i=1
The MGF can then be used to efficiently derive the expectation and variance of the Binomial Distribution
6M({E t) t t n—1
) _ 1— ‘ - 161
o |, T (pe" +1=p)" | _ =mp (161)
Therefore
Elz] =np (162)
82M(l‘, t) 8 t t n—1
PR < o 1) 5
= npe'(n —1)pe’ + (pet +1-— p)nil npe (164)
0*M (x,t
' % =np*(n — 1) + np = n’p* — np® + np (165)
t=0
The variance of the Binomial distribution is therefore
&M (x,t OM (z,t 2
Viz] = FM.h) _ (oMlz.h) (166)
ot? =0 ot t=0
= n2p? — np? + np — n?p? (167)
= np(l—p) (168)
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